Chapter 2
System Identification with GP Models

In this chapter, the framework for system identification with GP models is explained.
After the description of the identification problem, the explanation follows the system
identification framework that consists of roughly six stages:

defining the purpose of the model,

selection of the set of models,

design of the experiment,

realisation of the experiment and the data processing,
training of the model and

validation of the model.
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The model identification is always an iterative process. Returning to some previous
procedure step is possible at any step in the identification process, and this is usually
necessary.

The listed stages are given in the sections describing the model’s purpose
(Sect.2.1), the experiment design and data processing (Sect.?2.2), the model setup
(Sect.2.3), the model selection (Sect.2.4), the model validation (Sect.2.6), the
dynamic model simulation (Sect.2.7) and ends with an illustrative example of non-
linear system identification with a GP model (Sect. 2.8).

The identification problem [1, 2] is as follows: For a given set of past observations,
i.e. delayed samples of input and output signals that form a regression vector, we
would like to find a relationship with future output values. As already mentioned in
the previous chapter, this relation can be presented as the concatenation of a mapping
from the measured data to a regression vector, followed by a nonlinear mapping from
the regression vector to the output space

y(k) = f(z(k), 0) + v(k), 2.1
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where
z(k) = p(ytk — 1), y(k —2), ..., utk — 1), u(tk — 2),...), 2.2)

k is the sampling instant,

f is a nonlinear mapping from the regression vector z to the output space,

0 is the finite-dimensional parameter vector,

v (k) represents the noise and accounts for the fact that the next output value y(k)
will not be an exact function of past data,

¢ is a nonlinear mapping from the finite-dimensional vector of the measurements
to the regression vector z, and its components are referred to as regressors,

vtk —1i),i=1,2,...,k — 1arethe delayed samples of the measured output signal
and
utk —i),i=1,2,...,k — 1arethe delayed samples of the measured input signal.

The temporal or time component is inevitably present when dealing with dynamic
systems. Instead of considering time as an extra input variable to the model, the
time is embedded into regressors in the form of delayed samples of input and output
signals. In our notation the time, usually denoted with #, has been substituted for
k, where k represents the kth subsequent time-equidistant instant sampled with the
sample period 7.

The identification problem has thus to be decomposed into two tasks: (a) the
selection of the regression vector z(k) and (b) the selection of the mapping f from
the space of the regressors to the output space.

When the mapping f is presumed linear, we talk about the identification of lin-
ear dynamic systems. The more general case is when the mapping is nonlinear.
While there are numerous methods for the identification of linear dynamic systems
from measured data, the nonlinear systems identification requires more sophisticated
approaches.

In general, the identification methods for nonlinear systems can be grouped into
those for parametric and those for nonparametric system identification. While para-
metric system identification deals with the estimation of parameters for a known
structure of the mathematical model, nonparametric system identification identifies
the model of an unknown system without structural information.

Nonparametric system identification can be divided further [3]. The first group
of methods is that where the system is approximated by a linear or nonlinear com-
bination of some basis functions ¢; with ! coefficients w = [w1, w», ..., w;]” to be
optimised

[z, w) =F(¢i(z), W), (2.3)

where F is a function representing the nonlinear combination of basis functions.
The most commonly seen choices in identification practice include artificial neural
networks (ANNS5), fuzzy models and Volterra-series models, which can be seen as
universal approximators.

Let us briefly discuss the use of methods where the nonlinear system is approxi-
mated by the combination of basis functions. The problem of nonparametric system
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identification is translated into the problem of a suitable basis function selection and
of the coefficients’ estimation, which can be considered further as a parameter estima-
tion problem. The approach is sensitive to the choice of basis function. Depending on
the nonlinearity, a fixed basis function approach could need a relatively large number
of terms to approximate the unknown nonlinear system. The increase in the number
of terms with the increase in the unknown system’s complexity is called the ‘curse of
dimensionality’ [4]—the exponential growth of the modelled volume with the input
space dimension [5]—leading to (a) a model with a large number of basis functions
with corresponding parameters and (b) a lot of data needed for a system description.
An example of such models is an ANN. The local model network (LMN) [4], a form
of the fuzzy model, which we address in Sect. 3.3, reduces this problem, but has
problems with a description of the off-equilibrium regions of the dynamic system
[4, 6].

The second possibility is to estimate the unknown nonlinear system locally, point
by point. Representatives of these methods are kernel methods like least-square
support vector machines [7]. These methods circumvent the curse of dimensionality
in the sense that they do not contain basis functions. These methods are considered
local because any of them is actually a weighted average based on measurements in
the neighbourhood of the point where the system is estimated [3].

Nevertheless, both possibilities, the one with basis functions and the one that is
point-by-point, are based on the amount of measured data in the neighbourhood of
the point where the system is identified. If the dimension of the problem is high, the
amount of data necessary for training increases.

The curse of dimensionality is not an issue for linear and parametric nonlinear
system identification. In such cases, it is not important whether the measured data
used for the identification is distributed locally or far away from the point where the
unknown system is identified.

For the nonparametric identification methods that estimate the unknown system
locally, only local data is useful. For kernel methods, this depends on the kernel
selection. Data points that are far away provide little value for these methods [3].
This means that local approaches would not perform well when modelling large
regions with only a limited amount of data available.

As an alternative to methods for the identification of nonlinear dynamic systems
that are strongly affected by the curse of dimensionality, the GP model was proposed
in [6]. In this context, the unknown system to be identified at a given point and
the data obtained at other points are assumed to be a joint GP with a mean and a
covariance matrix that has some hyperparameters.

The idea of using GP models for system identification differs from both mentioned
possibilities of nonlinear system identification that can be described as the local
average approaches [3] because it is a probabilistic method. GP models provide a
posteriori distribution. Using this distribution, a probabilistic estimate at a point of
interest can be made based on the training data that can be close or far away from this
point. This prediction is presumed to be Gaussian, characterised by a predictive mean
and a predictive variance. As we have seen in the previous chapter, the predictive
variance can be interpreted as a level of confidence in the predictive mean. This is
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important, especially in the case when the predictive mean is not sufficiently close
to the ground truth.

In other words, due to its probabilistic nature the GP model provides information
about its estimate over the entire space defined by the regressors. The GP model is,
therefore, not constrained to the space where the measured data is available.

Furthermore, the GP approach to modelling alleviates any model bias by not
focusing on a single dynamics model, but by using a probabilistic dynamics model,
a distribution over all plausible dynamics models that could have generated the
observed experience. The probabilistic model is used to faithfully express and rep-
resents the uncertainty about the learned dynamics. We use a probabilistic model for
the deterministic system. The probabilistic model does not necessarily imply that we
assume a stochastic system. In the case of modelling, the deterministic system the
probabilistic model is solely used to describe the uncertainty about the model itself.
In the extreme case of a test input data z* at the exact location z; of a training input
data, the prediction of the probabilistic model will be absolutely certain about the
corresponding function value p(f (z*)) = 6(f(z;)).

When using GP models for identification, it is important that we are also aware
of the disadvantages [3] in this context.

The first one is the computational complexity due to the inverse of a high-
dimensional covariance matrix during the training. The computational complexity
measured with the number of computer operations rises with the third power of the
number of identification points N and is denoted with O(N?), while the number of
computer operations for the prediction mean is O(N) and for the prediction vari-
ance O(N?). The issue of overcoming the computational complexity is addressed in
Sect.2.5.

The second is that the noise that corrupts the measurement used for the system
identification does not always have a Gaussian distribution. The hyperparameters of
the GP model are frequently optimised to maximise the marginal likelihood condi-
tioned on the measured data where the assumption is that the marginal likelihood is
Gaussian. In the case of non-Gaussian noise, this assumption is not correct and it is
not known whether the maximum likelihood is achieved. However, this is exactly the
same issue with any other known parametric or nonparametric method for system
identification. In the case of non-Gaussian noise, the data can be transformed in the
form that will be better modelled by the GPs. More details about transformations,
called also GP warping (Sect.2.3.3), can be found in [8, 9].

The third disadvantage is that the performance of GP models for system identi-
fication depends on the selection of training data and the covariance function with
hyperparameters, which is system dependent. Again, this disadvantage can, in one
form or another, be met with any method for system identification where the selec-
tion of the basis function or the system structure and the corresponding parameter
estimation is system dependent.
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2.1 The Model Purpose

The model purpose specifies the intended use of the model and has a major impact on
the level of detail of the model. The decision for the use of a specific model derives,
besides the model purpose, also from the limitations met during the identification
process.

In general, dynamic system models can be used for [10]

e prediction,
simulation,
optimisation,
analysis,
control and
fault detection.

Prediction means that on the basis of previous samples of the process input signal
u(k — i) and the process output signal y(k — i) the model predicts one or several
steps into the future. There are two possibilities: the model is built to directly predict
h steps into the future or the same model is used to predict a further step ahead by
replacing the data at instant k£ with the data at instant k¥ + 1 and using the prediction
y(k) from the previous prediction step instead of the measured y(k). This is then
repeated indefinitely. The latter possibility is equivalent to simulation. Simulation
therefore means that only on the basis of previous samples of the process input signal
u(k — i), and initial conditions for a certain number of samples of output signals, the
model simulates future output values. Name prediction will, in our case, mostly mean
a one-step-ahead prediction.

Both of these sorts of models can be used for the optimisation of systems, systems
analysis, control and fault detection [10]. When a model is used for optimisation, the
issues of optimisation duration and the disturbance of the process’s normal operation,
which frequently occur when an optimisation is carried out in the real world, are
circumvented.

The procedure of identification can also be considered as a form of system analy-
sis. Based on the model’s form some process properties, like input—output behaviour,
stationary properties, etc., can be inferred from the identified model.

Control design relies on a model of the process to be controlled. The form of
the model depends on the control design method, but it has to be kept in mind that
it is the closed-loop system performance containing the designed controller that is
evaluated on the performance and not the process model itself. Nevertheless, there
are control algorithms for which the closed-loop performance is strongly dependent
on the model quality. Usually, the models used for control design have to be accurate
in terms of some particular properties, e.g. range around the crossover frequency of
the closed-loop system.

The idea of fault detection is to compare the process behaviour for the time being
with its nominal behaviour, which is commonly represented with a process model.
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Fault detection is a model-based strategy and the focus of the fault detection also
determines the model properties.

Later in the text, some of these modelling applications will be highlighted in the
context of GP applications.

2.2 Obtaining Data—Design of the Experiment,
the Experiment Itself and Data Processing

The data describing an unknown system is very important in any black-box identi-
fication. The data can be obtained from an experiment and is processed afterwards.
It is usually collected with measurements on the physical system of interest or, in
special cases, from computer simulations. An example of such a special case is when
identification is used for complexity reduction of a theoretically obtained model.

Unless the system to be identified does not allow controlled experimentation, the
experiment needs to be carefully designed. In the case when experimentation is not
possible, the safety of the system or its environment might be jeopardised by the
experimentation and, consequently, the data needs to be collected from the daily
operation.

The design of the experiment and the experiment itself are important parts of the
identification procedure. The quality of the model depends on the system information
contained in the measurement data, regardless of the identification method. The
design of the experiment for the nonlinear system identification is described in more
details in [10-13]. Only the main issues are highlighted in this section.

As already mentioned, the Gaussian process modelling approach relies on the
relations among the input—output data and not on an approximation with basis func-
tions. Consequently, this means that the distribution of the identification data within
the process operating region is crucial for the quality of the model. Model predictions
can only be highly confident if the input data to the model lies in the regions where
the training data is available. The GP model provides good predictions when used for
interpolation, but these are not necessarily good enough when used for extrapolation,
which is indicated by the large variances of the model predictions.

Consequently, the data for the model training should be chosen reasonably, which
can be obstructed by the nature of the process, e.g. limitations in the experimental
design in industrial processes and the physical limitations of the system.

The experiment has to be pursued in such a way that the experiments provide sets
of data that describe how the system behaves over its entire range of operation.

Here we list a number of issues that need to be addressed when the experiment is
designed for the acquisition of data and subsequent data processing. The list is not
exhaustive. Instead, it is given as a reminder of the important issues that engineers
need to address, but the reader is, again, referred to exploit the details in [10-12].
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Let us highlight the most important points.

Nonlinearity test. A nonlinearity test should be pursued to see whether a linear
or nonlinear system is to be modelled. This is important to know, not only for
GP models identification, but also for other methods as well. This can be done
by a test of the superposition and homogeneity [12] or by checking the frequency
response. The test of the superposition can be done with step changes of the
input signal in different operating regions and checking the responses, while the
frequency response test can be done by checking the output frequency response
for sub-harmonic components when a harmonic signal excites the input.

Sampling frequency. For a good description of the process, the influential vari-
ables and a suitable sample time must be chosen. A rule of thumb is that the
sampling frequency should be high enough to capture all the interesting dynam-
ics of the system to be modelled. However, in the case that it is too high, problems
with numerical ill-conditioning occur in the process of identification. The sam-
pling frequency is therefore a compromise that is usually achieved iteratively.

Selection of excitation signals. The main issues that need to be addressed with
the selection of the excitation signals are as follows.

Purpose. The selection of the excitation signals [10, 13] needs to be done
based on the purpose of the modelling. For example, if the purpose of the
model identification is control design, then good data information content is
needed around the regions determined with the envisaged closed-loop set-point
signals.

Size of the training set. The maximum amount of training data should be care-
fully selected due to the trade-off between the complexity of the computation
and the information content.

Range of input signals.  The input signals should be selected to excite the non-
linear dynamic system across the entire operating region. It is important to
realise that it is the range of the input space that is important, i.e. the space
determined with the input regressors, and not just the range of the input and
output signals and their rates.

Data distribution.  The input signals should be selected to populate the region
with data homogenously and with sufficient density. A uniform data distribu-
tion over the region of interest is the ultimate goal.

Prior knowledge. The ‘design of experiment’ requires some prior knowledge
about the process. An iterative procedure is necessary, in which the design of
experiment and model identification are interlaced.

Examples of signals. ~ Signals that can be used for the system identification are
the amplitude-modulated PRBS (Pseudo-random Binary Sequence) signals.
There are different ways to obtain these kinds of signals [10, 12], but it is
important to homogenously cover the input space with samples of these signals.

If the system is unstable in any way or poorly damped, it might be necessary to
conduct the experiment in a closed loop [12].
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Data preprocessing. Some of the procedures that are important for the quality of
the model before the data is used for the modelling are as follows.

Filtering.  Aliasing, the effect that results when the signal reconstructed from the
samples is different from the original continuous signal, which can be avoided
with analogue pre-filtering and digital filtering, can be used to remove some
low-frequency disturbances [12].

Removing data redundancy. A large amount of data in certain regions, most
frequently the regions around the equilibria of a nonlinear system, dominates
the data in other regions and may lead to the poor performance of the model in
these regions. A possible solution to this problem is addressed in Sect.2.5.2.

Removing outliers.  Data outliers are not very problematic with GP models due
to the smoothing nature of GP models [14].

Scaling.  To cancel the influence of different measuring scales, the preprocessing
of the measured data can be pursued, e.g. centering and scaling, here referred
to as normalisation. Normalisation of the input and output signals helps with
the convergence of the parameter optimisation that is part of the identification
procedure.

2.3 Model Setup

In our case the selection of the GP model is presumed. This approach can be beneficial
when the information about the system exists in the form of input—output data, when
the data is corrupted by noise and measurement errors, when some information about
the confidence in what we take as the model prediction is required and when there is
a relatively small amount of data with respect to the selected number of regressors.

After the type of model is selected, the model has to be set up. In the case of
the GP model, this means selecting the model regressors, the mean function and the
covariance function.

2.3.1 Model Structure

This and the following subsection deal with the choice of suitable regressors. In the
first subsection different model structures are discussed, while in the second, methods
for the selection of regressors are discussed. The selection of the covariance function
is described in the third subsection.

It is mainly nonlinear models that are discussed in the context of GP modelling
in general. There are various model structures for nonlinear, black-box systems that
can also be used with GP models. An overview of the structures for nonlinear models
is given in [1, 2]. The true noise properties that cause uncertainties in the identified
model are usually unknown in the black-box identification and therefore different
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model structures should be seen as reasonable candidate models and not as model
structures reflecting the true noise descriptions.

The subsequently used nomenclature for nonlinear models is taken from [1]. The
single-input single-output case is described in the continuation, but models can be
easily extended to the multiple-input multiple-output case. The nonlinear, black-box
models are divided into a number of different groups depending on the choice of
regressors. Based on this choice we can divide the models into input—output models
and state-space models. The prefix N for nonlinear is added to the names for different
model structures. Input—output models that can be utilised for GP models are as
follows:

NFIR (nonlinear finite impulse response) models, which use only the input values
u(k — i) as the regressors and are usually considered as deterministic input values
in GP models. Since the regressors are only input values, the NFIR model is always
stable, which is particularly important in the nonlinear case where the stability issue
is a complex one. NFIR models are well suited for applications like [15] control,
dynamic system identification, noise cancellation, nonstationary time-series mod-
elling, adaptive equalisation of a communication channel and other signal processing
applications. An example of the GP-NFIR model structure can be found in [16]. A
block diagram of the GP-NFIR model is shown in Fig.2.1.

NARX (nonlinear autoregressive model with exogenous input) models, which use
the input values u(k — i) and the measured output values y(k — i) as the regressors
and are usually considered as deterministic input values in GP models. The NARX
model, also known as the equation-error or series-parallel model, is a prediction
model.

k) =fytk — 1), y(k —=2),...,y(k —n), utk — 1),
uk —2), ..., ulk —m)) + v, (2.4)

where n is the maximum lag in the output values, m is the maximum lag in the
input values and v is the white Gaussian noise. The NAR model is the special case
of NARX model without the exogenous input and uses only the measured output
values y(k — 7). The GP-NARX model was introduced in [17] and it is schematically
shown in Fig.2.2.

Fig. 2.1 GP-NFIR model, v
where the output predictions
are functions of previous u(k)
measurements of input [ R
signals u(k-1) Y(K)
GP
T E—
! model

u( kl-m)
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Fig. 2.2 GP series-parallel or equation-error or NARX model, where the output predictions are
functions of previous measurements of the input and output signals

NOE (nonlinear output error) models, which use the input values u(k — i) and
the output estimates y(k — i) as the regressors. The NOE model, also known as the
parallel model, is a simulation model.

k) =fOUk—=1), 3k =2),.... 5k —n), utk — 1),
utk —2), ... uk —m)) +v. (2.5)

In the case of GP-NOE models y(k) is a normal distribution. When the normal distri-
bution and its delayed versions are used as the regressors, the output of a nonlinear
model is not a normal distribution anymore, and therefore output predictions are
only approximations. The GP-NOE model is discussed in [18] and it is schemati-
cally shown in Fig.2.3.

GP k)
model

Y

Fig. 2.3 GP parallel or output-error or NOE model, where the output predictions are functions
of previous measurements of the input signal only and delayed predictive distributions y, or their
approximations, are fed back to the input. g ~! denotes the backshift operator. The time shift operator
g influences the instant in the following way: ¢~ 'y(k) = y(k — 1)
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In general nonlinear system identification, there are other input—output model
structures that have not yet been explored within the context of GP models like
NARMAX (nonlinear autoregressive and moving average model with exogenous
input) and NBJ (nonlinear Box—Jenkins) [1].

State-space models: State-space models are frequently used in dynamic sys-
tems modelling. Their main feature is the vector of internal variables called the
states, which are regressors for these kinds of models. State-space regressors are less
restricted in their internal structure. This implies that in general it might be possi-
ble to obtain a more efficient model with a smaller number of regressors using a
state-space model [1].

The following model, described by a state-space equation, is considered:

x(k+1) = f(x(k), u(k)) + v, (k) (2.6)
y(k) = g(x(k), u(k)) + v2(k) 2.7)

where x € R” is a vector of states, y € R is a measurement output, u € R is an
input, 1 € R" and v, € R are some white Gaussian noise sequences. The noise
enters the system at two places. v is called the process noise and v, is called
the measurement noise, f is the transition or system function and g is called the
measurement function. In our case both functions can be modelled with GP models,
sof ~ GPrand g ~ GP,. Figure 2.4 shows a state-space model based on GP models.

The system identification task for the GP state-space model is concerned with f in
particular and can be described as finding the state-transition probability conditioned
on the observed input and output values [19]

p(x(k + DIx(k), u(k), y(k)); u(k) = [uk), ..., u(D]", yk) = [yk), ..., y(D]".
(2.8)

£ X(k-1)

u(k-1) GP X (k) GP P(k)
model model |———>
f ur) |9
—_— >
v,(k-1) v, (K)
R — D

Fig. 2.4 State-space model. ¢! denotes the backshift operator
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The system function g can often be assumed to be known. Such an example is the
situation where g corresponds to a sensor model, where we know which of the states
the sensor is measuring. This then simplifies the identification task. It is mentioned
in [20] that using models that are too flexible for both f and g can result in problems
of non-identifiability.

While using the state-space structure is common, the modelling with GP state-
space models [21] is still a field of active research, and so the state-of-the-art is briefly
reviewed here. At present, a state-space model of a dynamic system that involves GP
models appears in the literature mainly in the context of an unknown state estimation
from noisy measurements, i.e. filtering and smoothing. More results, also in the
context of modelling for prediction, are to be expected in the future.

In the context of filtering and smoothing, the states X(k) are estimated from
the measurements y(k). More precisely, the posterior distribution of the states
p(x(k)|y(k)) is to be found from measurements of y(k). If the used data history
is up to and including y(k), i.e. y(k) = [y(k), ..., y(1)]T, this is called filtering. If
we process the entire set of measurement data, then smoothing is taking place. Such
an inference is usually made with Bayesian filters, like a Kalman filter [22] in the
case of linear functions f and g or its nonlinear versions when at least one of the
functions f and g is nonlinear.

GP models are used in the context of Bayesian filters, i.e. unscented and extended
Kalman filters in [23] and in the context of an assumed density filter in [24]. A GP
model with a state-space structure and without external input u appears in [24, 25],
where GP models of the functions f and g are obtained from presumed available
observations of the states as the identification or training data. These two references
describe how the inference of states can be made for dynamic systems after the
functions f and g are identified.

We have to keep in mind that variables with a normal distribution at the input
do not keep a normal distribution at the output of a nonlinear function. In the case
of nonlinear functions, we deal with approximations of posterior distributions. Nev-
ertheless, good results for the inference of posterior distributions p(x(k)|y(k)) are
reported in [24, 25].

Other methods for the inference of the states x(k) using GP models have been
reported, like particle filters, e.g. [26-29], or variational inference, e.g. [30].

Authors of [21] learn a state-space model without input # with GPs by finding a
posterior estimate of the latent variables and hyperparameters. The model in [21] is
used for motion recognition.

The other situation is when the observations of states are not available for train-
ing. Filtering and smoothing in this case is described in [31, 32]. To learn the GP
models for the functions f and g in such a case, they are parametrised by pseudo
training sets, which are similar to the pseudo training sets used in so-called sparse GP
approximations [33], which are described in Sect.2.5.2. The system identification
determines the appropriate hyperparameters for both GP models, such that the target
time series y(k) can be explained. The expectation—maximisation algorithm used to
determine the parameters is iterated between two steps. In the first a posterior distrib-
ution p(Z|y(k), 0) on the hidden states Zy = [x(k), ..., x(1)] for a fixed parameter
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setting @ is determined, and in the second the parameters 8* of the GP state-space
model that maximise the expected log likelihood E(In p(Z|y(k), 8)) are searched,
where the expectation is taken with respect to p(Zx|y(k), ) from the first step. The
log likelihood is decomposed into [32]

E(Inp(Zx|y(k), 8)) = E(Inp(x(1)|6)

N N
+ > Inpx@®)[xtk — 1), 0)+ > Inpyk)[x(k). 0)  (2.9)
k=2 k=1

Transition Measurement

In contrast to the listed methods that tend to model the GP using a finite set of
identification data points and identifying functions f and g, the method reported in
[20] marginalises the transition function f using sampling with the particle Markov
chain Monte Carlo (MCMC) method. Consequently, the identification of f is avoided
for the states’ estimation.

State-space models utilising GP models can also be found for continuous-
time models. References [34—-37] describe methods of the states’ inference in the
continuous-time domain. They deal mainly with linear transition functions to retain
the normal distributions on states or combine them in hybrid models with first-
principle models. The identification of a discrete-time linear GP state-space model
is described in [38]. The signal processing aspect of GP modelling in the spatio-
temporal domain is reviewed in [37].

The interested reader who wants more information about states estimation using
GP models will find it in the references listed in this section.

2.3.2 Selection of Regressors

A very important step in the model setup is the selection of the model order. The
problem of order determination in the case of input—output models is equivalent to
the selection of the relevant input variables for the mapping function f(-) in Eq. (2.1).
Therefore, the problem is actually the problem of selecting the regressors or input
variables in statistics and system theory terminology, or features in the machine-
learning terminology. As pointed out in [10], it is important to understand that in the
case of the identification, the previous input values u(k — i) and the previous output
values y(k — i) are considered as separate regressors. Nevertheless, subsequent input
values, e.g. y(k — 1) and y(k — 2), are typically correlated. This correlation indicates
redundancy, but these subsequent input values may both be relevant, so we cannot
dismiss any of them. This complicates the order selection problem.

Most of the methods for system identification start with the assumption that the
regressors or the input variables in general are known in advance. Nevertheless, it is
crucial to obtain a good model that the appropriate regressors are selected. Here we
review the selection of regressors from the viewpoint of selection-independent and
relevant input variables to the mapping function.
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From the identification point of view, the regressors should be independent of each
other and must carry as much information as possible for the output value prediction.
If the input data is not independent, the information about the output data is doubled,
which results in larger model dimensions and a more difficult search for the optimal
model. The same is true if the regressors do not carry information about the output
data and so represent redundant regressors.

Our goal is to select only as many regressors as are really necessary. Every addi-
tional regressor increases the complexity of the model and makes the model optimi-
sation more demanding. Nevertheless, optimal input selection is often an intractable
task, and an efficient input selection algorithm is always an important element in
many modelling applications.

A quick look at the literature reveals plenty of methods and algorithms for regres-
sor selection. A thorough overview of these methods and algorithms would take
up too much space, so only a general overview is presented and a survey of the
literature is listed.

Various authors divide the methods differently. We adopt the division of the
regressors’ selection into three major groups [39-42]: wrappers or wrapper methods,
embedded methods and filter methods.

Wrapper methods are the so-called brute-force methods for regressor selection.
The basic idea behind these methods is that they form a kind of wrapper around the
system model, which is considered as a black box. No prior knowledge or internal
state of the model is considered. The search for the optimal vector of regressors is
initiated from some basic set of regressors. After the model optimisation and cross-
validation, the regressors are added to or taken from the model. Successful models,
according to selected performance criteria, are kept, while poorly performing models
are rejected.

The wrapper methods are very general and easy to implement. Nevertheless, in
the case of a large number of regressor candidates the methods require lots of com-
putational effort, so various search or optimisation methods are used. Some of these
methods or groups of methods are [42] forward selection, backward elimination,
nested subset, exhaustive global search, heuristic global search, single-variable rank-
ing and other ranking methods. The wrapper methods are also known by the names
validation-based regressor selection or exhaustive search for best regressors [43].

Embedded methods have the regressor selection built into the model optimisation
procedure. For example, if a certain sort of model has a property that the values
of model’s parameters correspond to the importance of the used regressors, then
properly selected regressors with lower importance can be eliminated. This property
is called automatic relevance determination—ARD [44]. GP models possess this
property for certain covariance functions, e.g. squared exponential covariance with
hyperparameters describing the scales for each regressor. The ARD property assumes
that the global minimum of the parameter optimisation cost function is achieved.
Some other embedded methods are coupled with model optimisation, e.g. the direct
optimisation method, or are weight-based, e.g. stepwise regression, recursive feature
elimination.
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Filter methods do not rely on the model structure we identify like the other two
groups of methods. The measure of relevance for the regressors or combinations of
regressors is extracted directly from the identification data. The relevant regressors
are selected based on this measure. The relevance measure is usually computed
based on the statistical properties of identification data, e.g. correlations for linear
systems, conditional probabilities, or based on measures from information theory, e.g.
information entropy, mutual information, or based on other properties, e.g. mapping
function smoothness. These methods are attractive because they are computationally
efficient in comparison with the wrapper and embedded methods. Computational
efficiency comes from the fact that multiple optimisation runs are not necessary and
from the relatively straightforward computation of the filter method measures.

In the case when the signals from which regressors are to be selected are known,
the problem is downsized to the problem of lag or model-order selection. If we
eliminate the dead time from the responses, it is often assumed that regressors that
have a smaller lag are more relevant for the prediction. This can be a substantial aid
for the regressor selection algorithm. The assumption about the smoothness of the
regressors of the mapping function is also frequently met in filter methods. Filter
methods are the method of He and Asada [12, 45], and the false nearest neighbours
method [46].

When it comes to regressor selection, it is also important to touch on embedding
theory [47], which describes the theory of mapping continuous-time dynamic systems
to discrete-time dynamic models. In the case that prior knowledge about the order
of the continuous-time dynamic model is available, or presumed, the non-minimal
realisation of the discrete-time dynamic model might be required to capture the
dynamic of the nonlinear system. The non-minimal realisation means the order of
the discrete-time model is higher than the order known by prior. This is in accordance
with Taken’s embedding theorem [48], which determines the necessary order of the
model obtained from sampled input—output data.

2.3.3 Covariance Functions

The choice of kernel function, which in the context of GP modelling is called the
covariance function, is of fundamental importance for successful modelling with
kernels. The covariance function reflects the correlations between different training
data observations. The parameters of the covariance functions must be determined
in order to obtain accurate model predictions. More information on the topic of
covariance functions’ selection and its use in GP models can be found in [49, 50].
Here we provide an overview of this topic.

The prior over mapping functions that is the Gaussian process is specified by
its mean and covariance matrix and the covariance function is used to generate this
covariance matrix. The covariance matrix reflects the relationship between the data
and the prior knowledge or the assumptions of the system to be modelled. The ele-
ments of the covariance matrix are obtained with covariance functions, i.e. kernel
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functions. The hyperparameters of the covariance functions must be sought to match
the behaviour of the model with the original system. However, before the hyper-
parameters are determined, a suitable covariance function must be selected. When
selecting the covariance function, we need to be aware of the inherent assumptions
relating to the regression problem that we discuss [50]. The first one is that the col-
lected training data must represent the characteristics of the function to be modelled.
The second one is that measurements of a real system contain noise, and therefore
a noise model needs to be incorporated into the model. The third assumption is that
two data points close together in the input space are likely to have a greater correla-
tion than two points that are distant. We assume that similar input values are likely
to result in similar target values and, consequently, the training points near to a test
point should be informative about the desired prediction [50]. It is the covariance
function that defines the nearness of the individual data points.

We are not so much interested in the covariance between the input and output
values or the covariance between pairs of different input values. We are interested in
the covariance of pairs of the output values, which is presumed through the relation-
ship between pairs of the input values, as described with Eq. (1.10). Two data points
that are close together in the input space are to be informative about each other’s
respective targets and expose a high covariance between these targets. Consequently,
two data points that are distant have a low covariance between two corresponding
targets.

The covariance function and its hyperparameters can also be selected to reflect
the prior knowledge about the lengthscale property. This means that we can select
the covariance function, where the similarity between nearby input data decays more
quickly or slowly with their distance.

The covariance function must generate a positive, semi-definite, covariance matrix
[49], which limits the choice of functions to be covariance functions. A positive-
definite covariance function will ensure a positive-definite covariance matrix, which
guarantees the existence of a valid Gaussian process.

A number of valid covariance functions have been defined in the literature, see [49]
for an overview. Most commonly, they are divided into stationary and nonstationary
covariance functions. The stationary covariance functions are those that are functions
of the distance between the input data and therefore invariant to translations in the
input space.

Stationary covariance functions are more commonly used for implementation and
interpretability reasons. Nevertheless, there are some cases, e.g. the system changes
its behaviour during operation, when a nonstationary covariance function might be
a better choice.

Another property that is of importance only for stationary covariance functions is
a smoothness property of the Gaussian process prior determined by the covariance
function. The selection of the covariance function influences the mean-square con-
tinuity [49] and differentiability [49] of the functions describing the system to be
modelled.
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For systems modelling, the covariance function is usually composed of two main
parts:
C(z;,2)) = Cr(2;, Z) + Cy (24, 7)), (2.10)

where Cr represents the functional part and describes the unknown system we are
modelling and C, represents the noise part and describes the model of the noise.

It is often assumed that the noise v has an independent, identically distributed
Gaussian distribution with zero mean and variance a,%; v~ N(0, U,%). This kind of
noise is called white Gaussian noise. This means that there is no cross-covariance
between the noise and the system input data and it affects only the diagonal elements
of the covariance matrix

Cu(2i, 7)) = 025 (2.11)

and ¢;; = 1if i = j and O otherwise, which essentially encodes that the measurement
noise is independent.

The functions Cy(z;, z;) and C,(z;, z;) can be selected separately, because the
sum of two nonnegative definite functions gives a nonnegative definite function. An
alternative for noise is that it is encoded in the likelihood [51], as we will see later
in the text (Eq. (2.26)).

When the noise is not modelled as white noise, it can be modelled differently, e.g.
as an input-dependent noise model like ARMA noise [52, 53].

Let us list the most common stationary and nonstationary covariance functions
that can be used with GP modelling.

Stationary Covariance Functions

Constant covariance function
The simplest covariance function is the one that has the same value over the whole
domain. This is the constant covariance function given by

Cr(zi,2) = of. (2.12)

The only hyperparameter (ffz. represents the scaling factor of the possible variations
of the function. The function is illustrated in Fig.2.5. Due to the simplicity of
the constant covariance function, it is normally used in combination with other
covariance functions.

Squared exponential covariance function
This is one of the most commonly used covariance functions in Gaussian process
modelling when the function to be modelled is assumed to exhibit smooth and
continuous behaviour with a high correlation between the output data and the
input data in close proximity.
A squared exponential covariance function is also called a Gaussian covariance
function. It is defined by

2
Cr(z,2j) = sz exp (_ﬁ) . (2.13)
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Fig. 2.5 Constant
covariance function of two
one-dimensional variables
with the hyperparameter
of =1

Fig. 2.6 Isotropic squared
exponential covariance
function of two
one-dimensional variables
with the hyperparameters
of=1land/ =1

Cizy2)

C(z.2)

2 System Identification with GP Models

1.5+

0.5+

LS R=}

Z

270

The hyperparameter cr} represents the scaling factor of the possible variations of
the function or the vertical scaling factor and the hyperparameter [/ is called the
horizontal scaling factor and determines the relative weight on distance for the
input variable z. The variable r is the input distance measure and is r = |z; — z;]|.
The function is illustrated in Fig.2.6.

Samples of functions with different hyperparameters are given in Fig.2.7.

The covariance function, as represented with Eq.(2.13), decays monotonically
with . These kinds of functions are called isotropic covariance functions [49].
Anisotropic versions of covariance functions can be created by setting r*(z;, z;) =
(z; — 2;)" A~ (z; — z;) for some positive, semi-definite matrix A~":
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Fig. 2.7 Squared exponential covariance function with different hyperparameters (left figure) and
random sample functions from the GP model with squared exponential covariance function (right

figure)

2 1 T A1
Cr(zi, 2j) = of exp _E(Zi —z) A" (z; — z))
D

1
T} exp 5 Z wa(zai — 24)° | (2.14)
d=1

wherewd:l%;d:l,...,D.
d

If A~' is diagonal, A~ = diag([/; %, ..., [;*]) this implements the use of dif-
ferent length scales on different regressors and can be used to assess the relative
importance of the contributions made by each regressor through comparison of
their lengthscale hyperparameters. This is a property called Automatic Relevance
Determination (ARD).

The ARD property was first introduced in [54, 55] in the context of a Bayesian
neural network implementation. The ARD property can be used to optimise the
structure, i.e. the regressor selection, of the GP model.

See [49] for a discussion on the use of the non-diagonal matrix AL

It must be kept in mind that in the case of dynamic systems identification the input
dimension is high and this makes setting the assumptions on the mapping function
to be modelled somehow difficult. A squared exponential covariance function is
therefore frequently used because smooth and continuous input—output charac-
teristics are expected, commonly from lots of dynamic systems, even though such
assumptions are sometimes unrealistic, as argued in [56].

It is shown in [24, 51] that a GP model with a squared exponential covariance
function corresponds to a universal function approximator.

Exponential covariance function
An exponential covariance function is used when the function to be modelled is
assumed to be continuous, but not smooth and non-differentiable in the mean-
square sense [49].
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It is defined by
Cr(#i, ) = o2 exp (—(;)d) for 0 <d <2. (2.15)

The hyperparameter ajg represents the scaling factor of the possible variations of
the function or the vertical scaling factor, the hyperparameter / or the horizontal
scaling factor determines the relative weight on distance for the input variable z and
the hyperparameter d determines the exponent. The variable r is the input distance
measure and is » = |z; — z;|. The function is illustrated in Fig.2.8. Samples of
functions with different hyperparameters are given in Fig.2.9.

Cz,2,)
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Fig. 2.8 Exponential covariance function of two one-dimensional variables with the hyperparame-
tersaj% =1,l=1andd =1

=
=

=

O

Fig

1 2
—I=16=1d=05 — =1 o=1d=2
NN ---l=10=1d=1 ---l=10=1d=0.1
087 * —-l=to=1d=2 || 1 == I=1 6=1d=0.01
\ . f f
06 —~ 0
N
0.4 -1
0.2 -2
0 -3
-10 -5 0 5 10
r z

. 2.9 Exponential covariance function with different hyperparameters (left figure) and random

sample functions from the GP model with an exponential covariance function (right figure)
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Rational quadratic covariance function

The rational quadratic covariance function is used when the function to be mod-
elled is assumed to be continuous and differentiable in the mean-square sense
[49]. Therefore, it is not the appropriate choice when the function to be modelled
contains a discontinuity or is discontinuous in its first few derivatives. The rational
quadratic covariance function can be seen as a scale mixture or an infinite sum
of squared exponential covariance functions with different characteristic length
scales.

It is defined by

2\ °
Cr (2, 7)) = 0} (Hﬁ) ) (2.16)

The hyperparameter 0} represents the scaling factor of the possible variations of
the function or the vertical scaling factor, the hyperparameter / or the horizontal
scaling factor determines the relative weight on distance for the input variable z
and « is a positive hyperparameter. The variable r is the input distance measure
and is r = |z; — z;|. The function is illustrated in Fig.2.10. Samples of functions
with different hyperparameters are given in Fig.2.11.

The ARD version of the rational quadratic covariance function is

Cr(zi,zj) = Cf_fz- (1 + %(Zi —2)"'A Nz — Zj))_ . (2.17)

Matérn covariance functions
The Matérn covariance function is used when assumptions about the function to
be modelled are less stringent regarding the smoothness or differentiability in the
mean-square sense.

Fig. 2.10 Isotropic rational

quadratic covariance

function of two

one-dimensional variables

with the hyperparameters 08
op=1LIl=1landa=1
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Fig. 2.11 Rational quadratic covariance function with different hyperparameters (left figure)
and random sample functions from the GP model with rational quadratic covariance function

(right figure)

It is defined by

Cr(z;, 2)

(%)
F\ra

l

d
2dr P 2dr

d ] . (2.18)

The hyperparameter af represents the scaling factor of the possible variations of
the function or the vertical scaling factor, the hyperparameter / or the horizontal
scaling factor determines the relative weight on distance for the input variable z,
K, is a modified Bessel function and the hyperparameter d can be seen to control
the differentiability of the modelled mapping function. The variable r is the input

distance measure and is r = |z; — z;|. Often, d is fixed to be d = % ord= %
Increasing the value of d makes the sample function smoother. In [49] it is stated

that in the cases where d > % it is probably difficult to distinguish between the
properties of the sample functions in the case of noisy training data.

Fig. 2.12 Matérn covariance

function of two
one-dimensional variables
with the hyperparameters
of=1,l=1andd =3/2
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Fig. 2.13 Matérn covariance function with different hyperparameters (left figure) and random
sample functions from the GP model with the Matérn covariance function (right figure)

The function is illustrated in Fig. 2.12. Samples of functions with different hyper-
parameters are given in Fig.2.13.

Periodic covariance functions
A periodic covariance function does not have a large value only between two
data points that are close together, but also between data points that are on a
fixed distance, i.e. period. There exist many periodic covariance functions. A
representative one is defined by

2
Cr(zi,2) = afz. exp (—1—2 sin? (Tir)) (2.19)

p

It can be used for the modelling of functions that repeat themselves exactly. The
hyperparameter 0']% represents the scaling factor of the possible variations of the
function or the vertical scaling factor, the hyperparameter / or the horizontal scal-
ing factor determines the relative weight on distance for the input variable z and
the hyperparameter 7, defines the period. The variable r is the input distance
measure and is r = |z; — z;|.

The function is illustrated in Fig. 2.14. Samples of functions with different hyper-
parameters are given in Fig.2.15.

Nonstationary Covariance Function

Linear Covariance Function
A linear covariance function is used when the function to be modelled is assumed
to be linear.
It is defined by
Cr(zi,2) = a}(zi -z + 1), (2.20)
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Fig. 2.15 Periodic covariance function with different hyperparameters (left figure) and random
sample functions from the GP model with a periodic covariance function (right figure)

or without a bias term by
Cr(zi 7)) = 07 (2; - 7)), (2.21)
The hyperparameter af represents the scaling factor of the possible variations of
the function or the vertical scaling factor. The function in Eq. (2.20) is illustrated
in Fig.2.16 together with samples of functions with different hyperparameters.
The linear covariance function without a bias term can be generalised to
Cy(zi,2) =2} A 'z;. (2.22)

where A~ is a general positive semi-definite matrix used on the components of z.
If A~!is diagonal, we obtain a linear covariance function with the ARD property.
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Fig. 2.16 Linear covariance function of two one-dimensional variables with the hyperparameters
Uf = 1 (left figure) and random sample functions from the Gaussian process with a linear covariance
function (right figure)
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Fig. 2.17 Polynomial covariance function of two one-dimensional variables with the hyperpara-

meters oy = 1, ¢ = 1 and d = 10 (left figure) and random sample functions from the GP model
with a polynomial covariance function (right figure)

Polynomial covariance function
The polynomial covariance function is defined by

Cf(z,-, ZJ) = (Ufzz,- 1 Z + C)d. (223)

The hyperparameter ch% represents the scaling factor of the possible variations of
the function or the vertical scaling factor, the hyperparameter ¢ determines the
vertical bias and the hyperparameter d determines the exponent.

The polynomial covariance function is not thought to be very useful for regression
problems, as the prior variance will become very large with |z| as |z| > 1.

The function is illustrated in Fig.2.17 together with samples of functions with
different hyperparameters.

Neural network covariance function
The neural network covariance function [49] is defined by
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Fig. 2.18 Neural network covariance function of two one-dimensional variables with the hyperpa-
rameter oy = 1 (left figure) and random sample functions from the GP model with a neural network
covariance function
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b2 . _
Cr(zi, 7)) = af;sm

where Z; = [1,z;]1=1[1,z,...,zp]", A~ is the covariance matrix on compo-

nents of z and is often set as a unity matrix multiplied by /2.

For neural networks, a more common sigmoid function, e.g. tanh(-), is not posi-
tive definite so it cannot be used as a covariance function [49].

The covariance function in Eq. (2.24) has been successfully applied to modelling
the input—output mapping function of the step form in [49].

This function is illustrated in Fig.2.18 together with samples of functions with
different values of the hyperparameters.

The covariance functions can be manipulated in different ways to form a new

composite covariance function:

Sum of covariance functions

A sum of two kernels is also a kernel. Therefore, a sum of two covariance functions
C1(z;, zj) and C»(z;, Z;) is a nonnegative definite function C(z;, z;) = C(z;, ;) +
C>(z;, z;) and consequently a covariance function. This property is, for example,
useful where a number of different characteristic length scales can be observed.
If you sum together two kernels, then the resulting kernel will have a high value if
either of the two summed kernels has a high value. An example is the summation
of a linear and a periodic covariance function for obtaining a kernel that can be
used for modelling functions that are periodic with an increasing mean, as we
move away from the origin.

Product of covariance functions

Similarly, a product of two kernels is also a kernel. Therefore, a product of two
covariance functions Cj(z;, z;) and C,(z;, z;) is a nonnegative definite function
C(z;, z;) = C1(z;, zj) - C2(2;, z;) and consequently a covariance function. If you
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multiply together two kernels, then the resulting kernel will have a high value only
if both of the two used kernels have a high value. An example is the multiplication
of a periodic and a squared exponential covariance function for obtaining a kernel
that can be used for modelling functions that do not repeat themselves exactly.

Vertical rescaling
This is the operation where a stationary covariance function is transformed into
a nonstationary one. Let it be g(z;) = a(z;)f (z;), where a(z;) is a deterministic
function, f(z;) is a random process and C(z;, z;) = cov(f(z;), f(z;)). The new
covariance function is C(z;, z;) = cov(g(z;), g(z;)) = a(z;)Ci(z;, z;)a(z;). This
method can be used to normalise kernels.

Convolution of covariance functions
A new covariance function can also be obtained with convolution. This operation
also converts a stationary covariance function into a nonstationary one. If C,(z;, y;)
is an arbitrary fixed covariance function, C(y;, y;) = cov(f(y:),f(y;)) and the
transformation is g(z) = f Cy(z;, yi)f (y))dy; then the transformed new covari-
ance function is C(z;, zj) = cov(g(z), 9(zj)) = f Co(zi, y)Ci(yin y))
Ca(z, y))dy,dyi.

Warping—nonlinear mapping of covariance function
Another possibility is to employ an arbitrary nonlinear mapping, also known as
warping of the input to handle the nonstationary nonlinearity of the function
in tandem with a stationary covariance function. More on warping using the
parametric functions can be found in [8] and using the nonparametric functions in
[9]. This method can be also used to transform data when the noise that corrupts
measurement data does not have Gaussian distribution.

Composite covariance functions that are suited to the problem at hand can be devel-
oped using listed operations. An overview [57] gives further directions for the selec-
tion and combination of covariance functions. Examples of customary covariance
functions can be found in [58-62].

2.4 GP Model Selection

This section explains how we get from the Bayesian model selection to the opti-
misation of the hyperparameters for the selected covariance function explained in
Sect.2.3 so that the GP model is a model of an unknown system.

Due to the probabilistic nature of the GP model, the model optimisation approach
where the model parameters and the structure are optimised by the minimisation of
a loss function defined in terms of model error only is not really applicable. Since
the GP is a Bayesian probabilistic method, a probabilistic approach to the model
selection is appropriate. The probabilistic approach to model selection is described
in the following subsection. According to [49], the term model selection covers
the selection of a covariance function for a particular model, the selection of the
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mean function, the choice of the hyperparameters and a comparison across different
families of models.

Several possibilities for hyperparameter determination exist. A very rare possi-
bility is that the hyperparameters are known in advance as prior knowledge. Almost
always, however, they must be determined from the training data.

In the following subsections, the background for hyperparameter selection is
described. First, the evidence or marginal likelihood maximisation is described. The
next subsection deals with the mathematical and computational implementations,
where the methods can be divided into direct and approximate implementations.

The alternative to the case where the set of identification data is available in
advance is when the identification data is collected online. This alternative is practical
when the unknown system is modelled as a time-varying model or as a method to
circumvent the computational burden due to a large amount of data being used for
the identification. In both cases, only the data with sufficient information content is
selected for the training process.

2.4.1 Bayesian Model Inference

Bayesian inference is a process in which a prior on the unknown quantity, i.e. an
input—output mapping function f, has to be specified. Next, the identification data
is observed. Afterwards, a posterior distribution over f is computed that refines the
prior by incorporating the observations, i.e. the identification data.

For example, the identification data for the GP-NARX model is

D ={(Z,y)},
y(k)
y=| yk+id | Z=[z1,.... 2, ....2y],
y(k—.I—N)
zi=k+i—1,...,yk+1—n),uk+i—1,...,utk+i—m)]".

We set a GP prior for a function f, i.e. a presumption on the distribution of
the model candidates. We specify the prior mean function and the prior covariance
function. The prior mean function is often set as my = 0.

Inference of the GP posterior [51] can be pursued in more levels based on the
unknowns to be inferred. There are at least two levels above the data D = {(Z,y)}:
one for inferring the distribution over function f and the second, on the top of it,
to determine the hyperparameters 6 that specify the distribution over the function
values f. A further model inference level can be the level of different covariance
functions.

We start with the GP posterior of the function presuming that the data and the
hyperparameters are given:
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p(ylf, Z, 0)p(f10)
Z,y,0) = , 225
r(fl1Z,y, ) »yIZ.6) (2.25)

where p(y|f, Z, 0) is the likelihood of the function f and p(f|€) is the GP prior on f.
The likelihood of the function f, with the assumption that the observations, i.e.
measurements, y; are conditionally independent given Z, is [51]

N
PO Z,0) = pG, 2. - (2, Z,0) = [ [ p0ilf ), 0)

i=1

N
= [[NOilf@). 07) = NyIf (Z), o), (2.26)
i=1
where o2 is a variance of additive noise on the output identification data. The likeli-
hood in Eq. (2.26) encodes the assumed noise model.
The normalising constant in Eq. (2.25)

p(YIZ,0) = /p(yll,f, O)p(f10)df (2.27)

is the evidence or marginal likelihood. The evidence is the likelihood of the hyper-
parameters given the data after having marginalised out the function f.

Because we do not have the hyperparameters given, we have to infer them. The
next level is, therefore, to infer a posterior probability distribution over the hyperpa-
rameters @ that is conditional on the data D:

pOIZ,y) = IM, (2.28)

p(y|Z)

where p(0) is the prior on the hyperparameters.
The evidence of Eq.(2.28) is

pYIZ) = / PYIZ. O)p(6)d0 (2.29)

where we marginalise out the hyperparameters 6.

Note that in Bayesian inference there is no model overfitting to the identification
data common to other methods mentioned at the beginning of this chapter. This is
because in essence there is no data fitting in the Bayesian inference.

However, the integral in Eq.(2.29) is analytically intractable in most interest-
ing cases. A possible solution is to use numerical approximation methods, such
as the Markov chain Monte Carlo method, to obtain the posterior. Unfortunately,
significant computational efforts may be required to achieve a sufficiently accurate
approximation.
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In addition to the numerical approximation methods, another standard and gen-
eral practice for estimating the hyperparameters is the evidence maximisation with
regards to the hyperparameters. This approximation means that instead of a poste-
rior distribution over the hyperparameters p(8|Z, y) we look for a point estimate 6.
This method has several names, among others it is called empirical Bayes or type-2
maximum likelihood [44]. Nevertheless, with this approximation we are not com-
pletely in line with the coherent Bayesian inference anymore.

Hyperparameters estimation via evidence maximisation is described in the next
section.

2.4.2 Marginal Likelihood—Evidence Maximisation

Using evidence maximisation is based on the presumption that the most likely values
of the hyperparameters are noticeably more likely than other values. This means that
the posterior distribution of hyperparameters is unimodal and is described with a
narrow Gaussian function. This is usually valid for a larger number of identification
datapoints relative to the number of hyperparameters. For the smaller number of
datapoints relative to the number of hyperparameters, the posterior distribution is
usually not unimodal.

The values of the hyperparameters depend on the data-at-hand and it is difficult
to select their prior distribution. If a uniform prior distribution is selected, which
means that any values for the hyperparameters are equally possible a priori, then the
hyperparameters’ posterior distribution is proportional to the marginal likelihood in
Eq.(2.25), that is,

p(0I1Z,y) xp(y|Z,0). (2.30)

This means that the maximum a posteriori (MAP) estimate of the hyperparameters
0 equals the maximum marginal likelihood estimate of Eq. (2.27) [51].

The hyperparameters 6 are therefore obtained with the maximisation of evidence
or marginal likelihood in Eq. (2.25) on the first level of inference with respect to the
hyperparameters:

1 1 Ty—1
PYI|Z,0) = ———e 2V KY, (2.31)
(@m)? K|

with the N x N covariance matrix K of the identification or training data.

Due to the mathematical properties of the logarithm function for the numerical
scaling purposes, the logarithm of the evidence is used as the objective function for
the optimisation:

complexity term data—fit term normalisation const.
—— —~—

1 1 N
Inp(y|Z, 0) = £(0) = — Eln(\K|) - EyTK_ly - Eln(27r) . (2.32)
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where £ is the value of the logarithm of the evidence or marginal likelihood. Equa-
tion (2.32) also shows interpretations of its three terms.

The posterior model we obtain with evidence maximisation trades off data fit and
model complexity. Hence, it avoids overfitting [49, 51] by implementing Occam’s
razor, which tells us to use the simplest model that explains the data.

Maximising the evidence using Eq. (2.32) is a nonlinear, non-convex optimisation
problem. Nevertheless, even though a global optimum of this optimisation problem
has not necessarily been found, the GP model can always explain the data [51].

The fact that the posterior GP model is obtained with optimisation can be, on one
hand, considered as a disadvantage, because Bayesian inference is not pursued strictly
all the way to the end. On the other hand, however, a lot of people involved in system
identification are very familiar with optimisation-based methods for experimental
modelling, which brings GP modelling closer to their attention. This might not be
the case with full Bayesian inference.

The following sections describe some possibilities for the optimisation imple-
mentation.

2.4.2.1 Deterministic Optimisation Methods

Deterministic optimisation methods are well known and are widely used in system
identification. Here, we are not going into a detailed description. An overview of
these methods can be found in many references, e.g. [10].

In the case of using one of the gradient optimisation methods, the computation of
the partial derivatives of marginal likelihood with respect to each of the hyperpara-
meters is required:

v = = —— K — -y K" —K . 2.
£(0)) o, 2trace 20, + 2y o0, y (2.33)

The computation of the partial derivatives involves the computation of the inverse of
the N x N covariance matrix K during every iteration. This means that the compu-
tational complexity is O(N?). However, there are alternative approaches, and some
of them will be touched upon in Sect.2.5.2.

A frequently used method for optimising the cost function is a conjugate gra-
dient method—a Polack—Ribiere version utilised in tandem with the Wolfe-Powell
stopping conditions [49]. Compared with numerical approximation methods of the
Monte Carlo type used for obtaining the hyperparameters’ posterior, this conjugate
gradient approach can find a reasonable approximation to a local maximum after a
relatively acceptable number of evaluations.

The trust-region optimisation method is proposed as an alternative by [63], where
the Hessian matrix is simplified and then the trust-region algorithm is used for the
GP hyperparameters’ optimisation.

A property of deterministic optimisation methods is that their result heav-
ily depends on the initial values of the hyperparameters, especially for complex
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multidimensional systems, where the objective function has many local optima.
Therefore, whatever optimisation method is used it should be run repeatedly with
various initial values of the hyperparameters. While the space of possible values is
huge, the initial values are often chosen randomly. Therefore, stochastic optimisation
methods can be considered as an alternative approach. Three stochastic algorithms
are described in the next subsection: genetic algorithms, differential evolution and
particle swarm optimisation.

2.4.2.2 Stochastic Optimisation Methods

Stochastic optimisation methods are used as an alternative to deterministic optimi-
sation methods when local extremes are expected in the optimisation of hyperpara-
meters. The following description is adopted from [64].

Evolutionary algorithms (EAs) are generic, population-based, stochastic optimi-
sation algorithms inspired by biological evolution. They use mechanisms similar
to those known from the evolution of species: reproduction, mutation, recombina-
tion and selection. Candidate solutions to the optimisation problem play the role of
individuals in a population, and the objective function determines the environment
within which the solutions ‘live’. Simulated evolution of the population then takes
place after the repeated application of the above operators.

Evolutionary algorithms [65] perform well at approximating solutions to diverse
types of problems because they make no assumptions about the underlying fitness
landscape; this generality is shown by their success in fields as diverse as science,
engineering, economics, social sciences and art.

In most real-world applications of evolutionary algorithms, computational com-
plexity is a prohibiting factor. In fact, this computational complicity is due to a
objective function evaluation. In our case, as was shown in the previous section, an
evaluation of the objective function contains an inversion of the covariance matrix,
of which the computational time rises with the third power of the amount of data.
However, this ‘inconvenience’ is unfortunately inescapable without an approxima-
tion.

The most commonly used evolutionary algorithms for numerical optimisation,
such as maximisation of the logarithmic marginal likelihood, are genetic algorithm
with real numbers representation, differential evolution and particle swarm optimi-
sation.

Genetic algorithm (GA) is a flexible search technique [65] used in computing to
find exact or approximate solutions to optimisation and search problems in many
areas. Traditionally, the solutions are represented as binary strings of Os and 1s,
but other encodings are also possible. The simulated evolution usually starts from
a population of randomly generated individuals and proceeds in generations. In
each generation, the fitness of every individual in the population is evaluated,
and multiple individuals are stochastically selected from the current population
(based on their fitness) and modified (recombined and possibly randomly mutated)
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to form a new population. The new population is then used in the next generation
of the algorithm. Commonly, the algorithm terminates when either a maximum
number of generations have been iterated, or a satisfactory fitness level has been
reached for the population. If the algorithm has terminated due to a maximum
number of generations, a satisfactory solution may or may not have been reached.
Examples of GP model optimisation with a GA can be found in [66, 67].

Differential evolution (DE) is a method for numerical optimisation without
explicit knowledge of the gradients. It was presented by Storn and Price [68]
and works on multidimensional real-valued functions that are not necessarily
continuous or differentiable. DE searches for a solution to a problem by main-
taining a population of candidate solutions and creating new candidate solutions
by combining existing ones according to its simple formulae of vector crossover
and mutation, and then keeping whichever candidate solution has the best score
or fitness on the optimisation problem at hand. In this way, the optimisation prob-
lem is treated as a black box that merely provides a measure of quality given a
candidate solution and the gradient is therefore not needed. More details about
DE can be found in [69].

Example of GP model optimisation with DE can be found in [64].

Particle swarm optimisation (PSO) is a method proposed by Kennedy and
Eberhart [70] that is motivated by the social behaviour of organisms such as bird
flocking and fish schooling. Like DE it is used for numerical optimisation with-
out explicit knowledge of the gradients. PSO provides a population-based search
procedure in which individuals called particles change their position (state) with
time. In a PSO system, particles ‘fly’ around in a multidimensional search space.
During flight, each particle adjusts its position according to its own experience and
the experience of a neighbouring particle, making use of the best position encoun-
tered by itself and its neighbour. Thus, a PSO system combines local search with
global search, attempting to balance exploration and exploitation. Further details
about PSO can be found in [71].

Examples of GP model optimisation with a PSO can be found in [64, 72].

Example 2.1 (CO, concentration modelling) This example compares different sto-
chastic optimisation methods and is adopted from [64].

To assess the potential of evolutionary algorithms in the optimisation of GP model
hyperparameters, a problem concerning the concentration of CO; in the atmosphere
from [49] was chosen. The data consists of monthly average atmospheric CO; con-
centrations derived from in situ air samples collected at the Mauna Loa Observatory,
Hawaii, between 1959 and 2009 (with some missing data).! The goal is to model the
CO, concentration as a function of time.

Although the data is one-dimensional, and therefore easy to visualise, a com-
plex covariance function is used. It is derived by combining several kinds of simple
covariance functions. First, a squared exponential covariance function in Eq. (2.13)
is used to model the long-term smooth rising trend. With the product of a periodic

I'The data is available from http://cdiac.esd.ornl.gov/ftp/trends/co2/maunaloa.co2.
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of Eq.(2.19) and the squared exponential covariance function of Eq.(2.13), a sea-
sonal component is modelled. To model the medium-term irregularities, a rational
quadratic covariance function in Eq. (2.16) is used. Finally, the noise is modelled as
the sum of a squared exponential and a constant covariance function of Eq. (2.12).

C(z;,2)) = Ci(z;, 2j) + Ca(2;, 2) + C3(2i, 2j) + C4(z;, 7)),

2
Ci(zi,z) = 9%2 exp (_Wﬁ) ,

Cy(z;,2;) = 02 ( r2)92 ( 2 '2(7r )) (2.34)
Z,,2;) = €X' _— €X ——— SIn —7r , .
21Z;, Z; 22 €Xp 29%1 24 €Xp 0%3 Ors

2 —033
Cs(zi, z;) = 62, exp (1 + —) ,
j 32 2933931

2

;
Cy(z;, 7)) = 03, exp (——2) + 03,05
203,

This complex covariance function involves 13 hyperparameters. Note that in [49] the
covariance function involves only 11 hyperparameters due to the fixed period of the
periodic covariance function to one year.

For differential evolution an implementation from [69], for particle swarm opti-
misation an implementation from [73], and for genetic algorithms an implementation
from [74] were used. These methods were compared to a commonly used determin-
istic conjugate gradient method (CG) as a frequently used deterministic optimisation
method for GP modelling.

All the stochastic algorithms had the same population size, number of generations
and number of solution evaluations. The population size was set to 50 individuals,
the number of generations to 2000 and the number of iterations to 10. Although the
tested algorithms have various properties, the fairness of experimental evaluation was
tried to be guaranteed. The parameters of these algorithms were tuned in preliminary
experiments. For a comparison of the tested stochastic methods with the conjugate
gradient method, the same number of evaluations was used with it as well. Thus the
conjugate gradient method was executed 10 times with 100,000 solution evaluations
available. That means, in one iteration, the conjugate gradient methods are repeatedly
executed with random initial values and possibly restarted until all the available
evaluations are spent.

For each algorithm the following statistics were calculated: minimum, maximum,
average and standard deviation. They are given in Table 2.1.

Figure2.19 shows the performance traces of each algorithm averaged over 10
runs. At first sight, it appears that the DE and PSO perform similarly and a lot
better than the GA and CG. The DE and PSO reached a very similar maximum
value that was very close to the result from [49]. However, the PSO reached a lower
minimum value, which means it has a larger variance than the DE. In other words,
using the DE will more probably find an optimal value or at least a value near to it.
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Table 2.1 Statistical values—maximum, minimum, average and standard deviation—of 10 itera-
tions for each algorithm: CG, GA, DE, PSO

CG GA DE PSO
Maximum —598.8627 —639.0114 —142.2658 —142.4529
Minimum —638.9760 —703.9570 —176.2658 —216.9546
Average —630.9088 —645.8582 —154.5382 —177.6854
Standard 12.5953 20.4178 11.3083 26.9605
deviation
Conjugate—gradient method Genetic algorithm
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Fig. 2.19 Performance traces for the tested algorithms. Solid lines denote mean values, dashed
lines denote maximum and minimum values, grey areas present standard deviations

Unsatisfactory results obtained by the CG imply the difficulty of the chosen problem
for this traditional method.

However, Fig.2.20, which shows the predictions of CO, for the next 20 years
based on the model obtained from the best hyperparameter values found with DE and
shown in Table 2.2, confirms the superiority of the DE. While the best hyperparameter
values obtained by the PSO differ from the DE’s at most by 107>, consequently the
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Fig. 2.20 Concentration of CO; in the atmosphere and its predictions based on a GP model with
hyperparameters optimised using differential evolution

Table 2.2 Best hyperparameters of our experiment, which were obtained with the DE

i 0i1 ) 0i3 Oia 0is

1 5.0000 5.0000

2 5.0000 —1.5668 0.2406 2.1831 2.4843
3 1.3454 —0.7789 5.0000

4 0.4580 —1.7163 —1.6161

log-marginal likelihood and the predictions of the PSO are very similar to those of
the DE.

Please note that our predictions are almost identical to the originals from [49],
but the log-marginal likelihood is smaller, due to the wider range of measurements
for training and the wider range of predictions used in our experiment.

2.4.3 Estimation and Model Structure

Up until now, we have not been taking into account the different model structures,
as listed in Sect.2.3.1.

Let us explore the differences between the NARX and NOE general kinds of mod-
els, not only GP models in particular, with an emphasis on modelling for simulation,



2.4 GP Model Selection 57

and therefore training in a parallel configuration as described in [18]. This is of
particular interest in dynamic systems identification. The NFIR model can in this
context be taken as a special case of the NARX model.

Consider again the system with added white Gaussian noise

y(k) = f (k) +v (2.35)

where z is a vector of regressors at the time instant k and v is the measurement
noise, also the observation noise, at output y at the time instant k. If there is no
noise in the output measurements, then the NARX and NOE models are the same
and the differences between them do not matter. Nevertheless, noise always exists
in real-life measurements. In the NARX model, these measurements are contained
within the regressors that are delayed samples of the output signal. This means that
when the NARX model is identified the errors-in-variables problem occurs. There
are structures with other noise models that are more complex.

The problem of learning GP models with noisy input variables is investigated in
[75]. Another possible solution to this problem is the automated filtering of input and
output signals. This solution is equivalent to the optimisation of a noise filter, i.e. a
filter that filters white noise to the one that corresponds to the measurement noise.
In system identification this method is known as the instrumental variables method
[2]. A similar principle in the context of GP models is described in [19].

If, on the other hand, the model is trained without using delayed measurements as
the regressors, i.e. an output-error model, then it is assumed that the noise is entering
the output signal after the system.

For a dynamic system of order n, the one-step-ahead prediction is calculated with
the previous process output values as described with Eq.(2.4)

k) =f(ytk —1),y(k =2),...,y(k —n),utk — 1),
utk —2),...,utlk —m)) +v,

while the simulation is evaluated with the previous model’s output estimates as
described with Eq. (2.5)

yk)y =fOk = 1),k =2), ...,k —n), u(k — 1),
uk —2), ..., ulk —m)) +v.

In the first case, we have a feedforward prediction, while in the second case we
have arecurrent one and, in the case of nonlinear system’s modelling with GP models,
an approximation of the prediction distribution. A simulation is required whenever
the process output cannot be measured during the operation, which is always when
the system is simulated independently from the real system. This is frequently the
case for the design of fault detection and control systems.

Nevertheless, the NARX model is by far the most applied model for dynamic
systems, not because it is realistic, but because it is easier to train than the NOE
model.
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In the NARX case, the model is trained based on loss functions that are dependent
on the prediction error, while in the NOE case the model is trained based on loss
functions that are dependent on the simulation error. The hyperplane of the loss
function is much more complicated in the second case. However, the model that
is used in the parallel configuration does not necessarily have to be trained in the
parallel configuration as well, if the noise assumptions are relaxed, which is often
the case in engineering practice. The disadvantage of using NARX models for the
simulation is the error accumulation, which does not happen with the prediction. In
extreme situations, the NARX model used for the simulation can become unstable,
regardless of a satisfactory one-step prediction performance.

The trade-offs between the advantages and disadvantages of the NARX and NOE
models need to be evaluated when the model is developed for a model simulation.

The case when GP models are used is specific. Since the output of the GP model
v(k) is a normal distribution in the case of the NOE model, this output represents only
an approximation of the distribution that should appear on the output of a nonlinear
model. The level of the approximation can be very different, as will be discussed in
Sect. 2.6. It can range from the simplest case, where only expectations of the outputs
are fed back, to more informative analytical or numerical approximations.

General GP optimisation algorithms for parallel-series or the GP-NARX model
described with Eq. (2.4) and for parallel or GP-NOE model in Eq. (2.5) are as follows.

Optimisation algorithm for GP-NARX model:

Algorithm: OPTIMISENARXMODEL(Inputs)

set input data, target data, covariance function, initial hyperparameters
repeat
calculate —¢(0) and its derivative based on input data
vk —1),ytk—=2),...,y(k —n),utk — 1), utk —2),...,utk —m)}
change hyperparameters
until —£(0) is minimal

Optimisation algorithm for GP-NOE model.

Algorithm: OPTIMISENOEMODEL(Inputs)

set input data, target data, covariance function, initial hyperparameters
repeat
calculate the model simulation response
calculate —¢(0) and its derivative based on input data
Pk —1),3yk—=2),...,9k —n),utk — ), utk —2), ..., ultk —m)}
change hyperparameters
until —£(0) is minimal
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The difference between considering the prediction and simulation error has a
major impact on the complexity of the optimisation. This difference is illustrated in
the following example.

Example 2.2 (Difference in GP-NARX and GP-NOE optimisation) The difference in
the optimisation for the GP-NARX and GP-NOE models is illustrated with an exam-
ple where two loss functions are calculated. The input and output data is obtained
from the selected dynamic GP model of the first order. The regressors are delayed
samples of the output and input signals, y(k — i) and u(k — i), respectively, in the
case of the GP-NARX model; and delayed samples of expectations of the output pre-
dictions E(y(k)) and delayed samples of the input signals u(k — i) in the case of the
GP-NOE model. This means that the simplest possible approximation has been used
in this example where no prediction distribution is propagated through the model.
Even though this is the simplest approximation, the main differences between the
model structures are noticeable.

Since there are two regressors and the GP model uses squared exponential and
constant covariance functions, there are four hyperparameters in this process.

We fix the two hyperparameters that are parameters that control the variances a}
and o2 and calculate the surfaces of the loss functions for the GP-NARX and GP-NOE
models, when the two remaining hyperparameters controlling the two regressors are
varied. The loss function is a negative logarithm of the marginal likelihood in both
cases, but in the case of the GP-NARX model the output observations are used for
the calculation of the loss function and in the case of the GP-NOE model the mean
values of the output predictions are used for the calculation of the loss function. The
results can be seen in Fig.2.21.

Figure2.21 shows that not only the loss functions surfaces, but also the optimal
hyperparameters for the GP-NARX and GP-NOE models are significantly different.
It is apparent that the optimisation of the model parameters for the prediction is a
much easier task than the optimisation of the model parameters for simulation.

2.4.4 Selection of Mean Function

‘We have mentioned in several places that the zero mean function is often presumed
as the prior mean function of the GP model. This is quite common with system
identification where the identification and validation data is preprocessed to ensure,
among others, a zero mean. Nevertheless, this is not necessary and in some cases
an explicit modelling of the mean function is required. The mean function can be
specified using explicit basis functions. The following text is summarised from [49],
but the topic is also elaborated in [76].

There are three main ways that the mean function can be used together with GP
models:

1. The mean function is fixed and deterministic, which is usually the case when
it is determined before the identification. An example would be when the data
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Fig.2.21 NARX (left) and NOE (right) model loss functions (fop) and their contour plots (bottom)
with black crosses at the positions of the minima

is detrended during the preprocessing. In this case, the usual zero mean GP is
applied to the difference between the measurements and the fixed mean function.
Using

f@) ~ GPmy (@), C(:. 7)), (2.36)

the predictive mean becomes
EQ)) = my(z*) + k(@)K (y — my(2)), (2.37)

where K = X¢ + 021 and the predictive variance is according to Eq. (1.25).

2. The mean function is identified as a deterministic function that is a combination
of a few preselected fixed basis functions with the coefficients collected in vector
3. We can write

9@ =f@) + ¢@)"'B, wheref(z) ~ GP(0, C(z, ), (2.38)

where f(z) is a zero mean GP, ¢(z) is a vector of fixed basis functions and 3 are
the additional coefficients to be identified together with the hyperparameters.

3. The mean function is identified as a stochastic function with a Gaussian prior
on 3 so that p(3) = N (b, B). We get another GP with the covariance function
expanded with uncertainty in the parameters of the mean:

9(z) ~ GP(¢(z)"b, C(z;, 7)) + d(2:)"Bo(z)"). (2.39)
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The objective function that is used for the identification of the hyperparameters
and the mean function parameters is expanded from Eq. (2.32) with B set to Oin
the case of deterministic 3:

Inp(y|Z, b, B)

1 1
=—3 In(K + ®'B®|) — E(<1>Tb —y)'(K+®"B®) (b —y)
N
- 5 In(m), (2.40)

where the matrix @ collects the vectors ¢(z) for all the identification regression
vectors.
The predictions are obtained as

E(y)) = E(y)) + RTE(B),
* * T/p-1 -1 T (241)

cov(y,) =cov(y;) + R" (B + ®(Z)K™ ®(Z) )R,
where R = (®(Z*) — ®(Z)K'k(Z*,Z)) and EB) = B~ '+ &Z)K™!
®(Z)")"(®(Z)K'y + B 'b).

In cases when the prior knowledge about B is vague, which means that B~!
approaches to the matrix of zeros, which is elaborated in [49].

2.4.5 Asymptotic Properties of GP Models

In model identification, it is important that the model is consistent. This means that
the posterior distribution concentrates around the true distribution of the parameters
as more and more data is observed or the sample size increases. The theory on
consistency of GP models with sufficient conditions for the posterior consistency
of GP regression is explained in [76] and reviewed in [49], with further references
describing studies in various general settings in both listed references.

As stated in [76], these sufficient conditions are difficult to validate and may not
be intuitive when applied to concrete models. In [77], the alternative concept of
the so-called information consistency for GP regression models is described. The
consistency of the information is checked with the information criterion that is the
Césaro average of the sequence of prediction errors. See [76, 77] for more details
and the background theory.
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2.5 Computational Implementation

A noticeable drawback of the system identification with GP models is the computa-
tion time necessary for the modelling. GP regression, on which system identification
is based, involves several matrix computations. This increases the number of oper-
ations with the third power of the number of input data, i.e. O(N 3), such as matrix
inversion and the calculation of the log determinant of the used covariance matrix.
This computational greed restricts the number of training data to at most a few
thousand cases on modern workstations.

A common approach to computing the objective function from Eq. (2.32) and its
gradient makes use of the Cholesky decomposition [49] of K to compute o« = K~ y.

The training algorithm in pseudocode is as follows:

Algorithm: GP TRAINING(Z, y, C, initial 8)

repeat
change hyperparameters 6
compute K(0) = [C(z,, 2,) Ivxn
compute Cholesky decomposition L. = chol(K)
solve Ly =y for v and L”a = ~ for ac to get = K~y
compute £(0) and V£(0) using o
until —£(0) is minimal

2.5.1 Direct Implementation

One option to deal with the computational implementation is to approach the compu-
tation problem from the utilised hardware technology point of view. Since hardware
capabilities are increasing every day, this approach might seem inefficient when
looking over the longer term, but it is undoubtedly effective in the short term.

Parallel processing [78] is a popular way to deal with a large amount of data and
a large number of computations. The authors of [79] envision the future computing
systems as being hybrid computers, where the two major types of integrated com-
ponents will be multi-core central processing units (CPUs) and massively parallel
accelerators. While the ‘standard’ CPUs will continue to provide users with more and
more computing power [80], many computer scientists will migrate towards general-
processing graphics processing unit (GPGPU) applications [81], using graphics-card
processors as the parallel accelerators for memory-dense, floating-point-intensive
applications. The graphics processing unit (GPU) is, therefore, currently a low-cost,
high-performance computing alternative to larger, stand-alone, parallel computer
systems. An accelerated linear algebra package exploiting the hybrid computation
paradigm is currently under development [82].
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The concept of a GPGPU processor evolved from the needs of 3D-graphics-
intensive applications. This need dictated the design of a processor such that more
transistors were dedicated to the data processing than to the control and data caching,
as in a regular CPU. Next, the processor was designed to be able to execute a data-
parallel algorithm on a stream of data, which is the reason why GPGPU processors
are sometimes called ‘stream processors’. The currently dominant architectures for
GPGPU computing are the nVidia CUDA [83] and the AMD APP (formerly ATI
Stream) [84].

Some computation acceleration results for kernel methods are reported in
[85, 86], while some preliminary results for GP modelling computation with a GPU
are reported in [87].

The intrinsic parallel structure of a GPU allows a significant speed-up in com-
parison to the single-processor architecture. Although it is relatively easy to set up
and perform basic operations, it quickly becomes more complex when dealing with
more demanding numerical problems. Additionally, special care must be taken when
performing memory operations:

e due to the relatively slow memory transfer, data transfers between the host system
and the GPU device shall be as few as possible, and shall be asynchronous if
possible;

e improper kernel code design with respect to the operation on different memory
types (main GPU memory, shared memory, constant memory, texture memory)
and ignoring memory access coalescing on the GPU device can cause a significant
performance loss; and

e shared memory is organised into banks and accessing elements not consecutively
will cause a bank conflict.

The modern NVIDIA GPUs come with an application programming interface
(API), which had to be integrated into the implemented code, for example, Matlab’s
MEX functions. Additionally, several other programming libraries had to be used in
order to implement the time-critical operations, such as the matrix factorisation and
the inverse. The code makes use of CUBLAS, which is NVIDIA’s implementation
of the popular BLAS library [83, 88, 89] and of the CULA premium libraries [90],
which provide a CUDA-accelerated implementation of linear algebra routines from
the LAPACK library [91], including the time-critical Cholesky decomposition. Addi-
tionally, several other matrix operations had to be implemented as custom CUDA
kernels.

As hardware capabilities are improving constantly and research on efficient algo-
rithms is on-going, the presented hardware solutions might not be of long-term value.
However, they offer a state-of-the-art, affordable, hardware configuration that might
help to circumvent the computational issue in an intermediate time frame before
more efficient algorithms or better technology arrive.
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2.5.2 Indirect Implementation

To overcome the computational limitation issues and make use of the method also
for large-scale dataset applications, a lot of authors have suggested various approx-
imations, e.g. [92-94]. However, the research in this field is still active. A unified
view of approximations of GP with a comparison of the methods is provided in [95]
and some newer developments are compared in [96, 97].

Section2.5 mentions that the computational demand of the GP regression direct
implementation increases with the third power of the size of training set—O(n?).
This is due to the calculation of the covariance matrix inverse in

a=Ky (2.42)
or better finding the solution to the linear system of equations
Ka =y (2.43)

for . This becomes an issue when we work on problems that involve large quantities
of training data, e.g. more than a couple of thousand for the presently available average
computation power. Consequently, the developments of methods designed to reduce
the computational demands of the GP modelling approach have received a great deal
of attention.

These so-called approximation methods can, in general, be divided as follows:

e fast matrix-vector multiplication (MVM) methods, which use efficient computa-
tional methods for solving the system of linear equations. An example would be
the use of iterative methods such as conjugate gradients;

e sparse matrix methods, which approximate the covariance matrix. The idea of
the sparse matrix methods is to reduce the rank of the covariance matrix, i.e. the
number of linearly independent rows, and to keep as much information contained
in the training set as possible.

Figure 2.22 shows a schematic representation of an overview of the approximation
methods.

Fast Matrix-Vector Multiplication

MVM methods treat all the identification data and build a full covariance matrix K of
size N x N, but use various, more efficient computation methods or their approxima-
tions for the calculation of computationally demanding expressions, i.e. the inverse
of the covariance matrix and the logarithm of the covariance matrix determinant. An
overview of the MVM methods is given in [98].

An example of such a method for solving the problem described with Eq. (2.43)
is the conjugate gradient optimisation method, which reduces the computational
demand of one iteration down to the order of O(N?) [49], but an approximate solution
can be obtained if the algorithm is terminated after k iterations, which results in an
overall computational demand of O (kN .
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FAST MATRIX-VECTOR MULTIPLICATION METHODS

SPARSE MATRIX METHODS

Data selection Approximation methods
« Greedy algorithm « Subset of Data - SoD
« Optimisation-based data » Subset of Regressors -
selection SoR
« On-line selection » Deterministic Training
- Windowing Conditional - DTC
- Sequential selection « Partially/Fully Independent
-On-line local model Training Conditional -
clustering PITC/FITC
» Local models

Fig. 2.22 Schematic representation of an overview of the approximation methods for GP modelling

Some other methods that reduce the number of computations of the covariance
matrix inverse and the logarithm of the covariance determinant can be found in
[99-101].

The MVM methods are the most efficient when the number of data is relatively
small. However, these methods are also necessary with large amounts of data in order
to decrease the computer memory demand during optimisation.

Sparse Matrix Methods

The fundamental property of the sparse matrix methods is that only a subset of the
variables is treated exactly, with the remaining variables given some approximate,
but computationally cheaper, approach. This is the most straightforward method for
reducing the computational burden.

The first step in constructing a reduced rank or a sparse version of the covariance
matrix K is the selection of a subset of datapoints. The selection of this ‘active’
subset of data, or active dataset, also called the induction variables, is something in
common to all sparse matrix methods.

The second step is the approximation or treatment of the used latent stochastic
variables that are to be treated exactly, by the GP model framework and of the
remaining variables that are to be approximated by a less computationally demanding
method. The used subset is of size M < N, where N is the size of the overall training
dataset.

Only the active dataset is used for GP modelling. The rest of the N — M data is
treated differently using different approximation methods.

First, we list the methods for the selection of data to be included in the active subset
and, second, we list the approximation methods. However, it needs to be emphasised
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that a number of other sparse matrix methods have appeared in recent years as this
is a field of active research.

Methods for Data Selection

As only the active dataset is to be treated fully in the sparse model, the process of
determining which data points are to be included is critical to the success of the
approximation [50]. One possible strategy is to build the subset of data through the
manual selection of data points based on a preliminary knowledge of the system to
be modelled. However, this is difficult where the preliminary knowledge about the
system to be modelled is limited and when the system contains complex, multidi-
mensional nonlinearities, which is a common situation with systems identification.

It makes sense to search the active dataset based on a selected criterion. The
criterion-based evaluation of all the possible combinations of an active dataset of
dimension M is not viable, because of the A#im, combinations. There have been a
lot of methods developed based on different criteria to overcome the computational
issue.

Greedy algorithm is one of the more popular methods. Apart from the random
selection of data points, with limited applicability, greedy approximation methods
[102] have been shown to have great potential. The idea of these methods is that
the active dataset is selected and updated according to some criterion. Such an
algorithm would initiate with an empty active set Z, with the remaining set R
containing all the indexed training observations. Then, using an iterative method,
each indexed training example is added to the active set in turn and the selection
criterion is evaluated. If the criterion is met, the training example under review
will be included in the active set.

Various authors, e.g. [102—-104], have suggested different criteria for the selection
of data.

This method can be used with most of the approximation methods. The question
that arises is what kind of selection criteria should be used to determine the active
subset of data. Some of the selection criteria are those used in the following meth-
ods: informative vector machine [102], informative gain [105], sparse spectral
sampling [106], iterative sparse [103] and matching pursuit [104].

Optimisation-based data selection Greedy methods select the active dataset out
of the available identification data. A method is proposed in [33] called Sparse
Pseudo-input Gaussian Processes (SPGP), which does not select the dataset Z, but
optimises it. This means that the active dataset Z can at the end of the optimisation
contain arbitrary data. Optimisation of this arbitrary data, called pseudo-inputs,
is pursued simultaneously with the optimisation of the hyperparameters based on
the log-marginal likelihood loss function. This is perceived as an advantage of
this method.

Based on the same idea, the authors of [107] have proposed a new sparse matrix
method called Sparse Spectrum Gaussian Process Regression (SSGP), which is
based on a spectral representation of GP.
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Because of the increased number of optimisation parameters, both methods are
susceptible to overfitting, particularly when there is no available information on
the initial values of the hyperparameters and the pseudo-inputs. To overcome
this issue, a variational method is proposed in [108]. This method maximises the
lower boundary of the log-marginal likelihood instead of the exact value when it
optimises the active dataset 7 and the hyperparameters.

Online data selection In the case that the GP model is identified based on the
incoming data stream that provides new information about the modelled system
online, online identification, or training, methods are in place.

Online data selection can be roughly divided as follows.

Windowing is a method where the most recent m data is used for the identifi-

cation. The active dataset Z is therefore composed of the most recent m data,
which are all weighted equally for the optimisation. The windowing method
is called also the time-stamp method. Examples of using windowing in the GP
modelling context can be found in [109-111].
The situation is different with the method of forgetting, where the signifi-
cance of the data is decreasing, usually exponentially, with age. The forgetting
method is also called the weight-decay method [110]. When the data point
significance is below the threshold, the data point is discarded. The forgetting
method is still closely related to the pure windowing.

Sequential selection follows the idea that the size of the active dataset Z has to
be constrained, which is implemented with a selected criterion for the inclusion
of data. This criterion is similar to that used by the greedy method, but in this
case each data point is evaluated separately with already-selected data in the
active dataset Z and not with those in the remaining dataset R, as is the case
with the greedy method. The criterion that has been proposed in [103], on the
other hand, is based on a change of the mean value of the posterior distribution
when a new data point is included in the model. Following this idea, the authors
of [112] proposed the method for online training, which also enables the online
optimisation of the hyperparameters.

Online model clustering  Slightly different from the other methods for online
data selection is the method described in [113]. This method is based on the
online clustering of data, where these clusters of data are used for the identifi-
cation of local GP models. The advantage of this method is its computational
speed, because online clustering is computationally much less demanding than
online GP model training. Nevertheless, the quality of the prediction could be
slightly worse in comparison with using data selection methods.

Methods for Approximation

The idea behind sparse matrix methods is to change the joint prior distribution of the
identification and validation data p(f*; f) from Eq. (2.44) so that the computation of
the predictive distribution based on the validation data from Eq. (2.45) is less time
consuming.

£y K k(z")
p(f ’f) —N (07 |:kT(Z*) H(Z*)]) ) (244)
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where * denotes the validation data.
p(ly) = N (k@)K ™y, k(z*) — k' (2K 'k(z")) (2.45)

We divide the approximation methods into five groups.

Subset of data  (SoD) method appears to be the most straightforward method for
a sparse matrix approximation, where the active set of the data M is selected
from the whole training data set of size N. The equations for the calculation of the
predictions and the optimisation remain unchanged by the method. The calculation
method for such a method depends only on the dataset of size M and is therefore
O(M?), where M < N. The efficiency of this method depends very much on the
selection of the subset of data, while the remaining dataset is discarded rather
than approximated. Nevertheless, with carefully selected data the method may
still provide a good approximation to the GP model with complete dataset and is
consequently frequently used in comparison with the more sophisticated sparse
methods.

Subset of regressors (SoR) method takes advantage of the equivalence between
the GP model’s mean predictor and that of a finite-dimensional, generalised,
linear regression model. Consequently, the SoR model is a finite, linear-in-the-
parameters model with a particular prior knowledge put on the weights. In contrast
to the SoD method, the SoR method is to employ all N datapoints of the training set
in the approximation. The major disadvantage of the SoR method is that, due to its
basis upon a linear-in-the-parameters model, the GP model becomes degenerate
and restricts the variety of possible functions that will be plausible under the
posterior [96]. The main disadvantage of this degeneracy is that the predictive
distributions of the GP model can become unreasonable. The computation demand
of the SoR method is O(M?N) for the initial matrix computations, and O(M) and
O(M?) for the calculation of the predictive mean and variance, respectively.

Deterministic training conditional (DTC) method applies the model of the entire
N size dataset and therefore does not use a degenerated model like the SoR method
does. The obtained GP model represents only M < N function values, but uses
the entire dataset so that it projects M input values to N dimensions. The compu-
tational method for the DTC method is, like in the case of SoR method, O(M?N),
for the initial matrix computations, and O (M) and O(M?) for the calculation of
the predictive mean and variance, respectively. The method was initially named
projected latent variables [105], but is also known as projected processes [49].
The predictive mean value when using the DTC method is identical to that of
using the SoR method. The predictive variance is never less than the variance
when using the SoR method. The computation demand of the DTC method is the
same as that of the SoR method.

Partially and fully independent training conditional (PITC, FITC) The previ-
ously described methods use exclusively identification data for the input—output
mapping function modelling, so the covariance matrix for the training conditional
distribution p(f|u) is zero. Another possibility is that the covariance matrix has
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a block-diagonal form, with data obtained from the covariance matrix of the com-
plete dataset. This means that we assume conditional independence, which is
assumed in previously described methods for only a part of the modelled func-
tion values. Such a method is called Partially Independent Training Conditional
(PITC).

The PITC method’s computational demand depends on the used block-diagonal
form. In the case of [ = 1% blocks of size M x M, as in [114] the computational
demand is O(NM?).

A special form of the PITC method is the approximation method called Fully
Independent Training Conditional (FITC), which was proposed in [33], where
it was named the SPGP method. The name FITC comes from the fact that the
training set function observations are presumed to be completely independent.
The FITC method is almost identical to the PITC method, except for the fact
that the covariances on a diagonal of the covariance matrix are exact. This means
that instead of approximated prior variances the exact prior variances are on the
covariance matrix diagonal.

The predictive distribution obtained with the FITC method is identical to the pre-
dictive distribution obtained with the PITC method. The computational demand
is equal to those of the SoR, DTC and PITC methods.

Local models  An alternative approach to the listed methods for the approximation
of the covariance matrix or the model likelihood is the method that replaces one
GP model with local models. The obtained model is known as a mixture of GP
models or mixture of GP experts. This method does not match exactly to the
listed ones, because the local models replace the entire GP model. Some research
about using local models for an approximation in the context of dynamic systems
modelling can be found in [113, 115, 116].

The idea of the method is based on the divide-and-conquer principle. The method
divides the dataset of N identification data into / = % subsets or clusters of size
M. The data in these clusters is used as the identification data for separate, locally
valid GP models. The various local-model-based methods differ, among others,
in the way in which the various existing clustering methods are pursued.

The hyperparameters can be optimised for each of the local models separately
or for all the local GP models together. The latter is an interesting option only
when M is small enough. Combination of posterior distributions of local models
into one distribution that represents the model prediction is another difference
between the various methods.

All the listed approximation methods have comparable computational demands.
The overview in [96] shows that the obtained predictive mean values are very similar,
while the predictive variances are quite different. Therefore, it is sensible to decide
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before selecting an approximation method, whether the information about the exact
model’s predictive variance is important, or we are focused more on the model’s
predictive mean value.

The SoR method is appropriate in the case that the predictive variance is not
very important, because the predictive variance approximation is computationally
the simplest one.

In the case, however, that the accurate information about the predictive variance
is important, it is sensible to use one of the more advanced approximation methods,
i.e. DTC, PITC or FITC.

In the case of computationally simpler identification problems, which are those
with the smaller number of identification data, it is sensible to use the SoD method.
It competes well with the more advanced approximation methods.

Another aspect interesting for the approximation-method selection is the imple-
mentation of the method, the computational demand for the model identification and
the demand necessary for the obtained model prediction.

Itis very much worth considering a combination of methods, like the one proposed
in [97]. This approach combines the SoD method for the model training and the
FITC method for the model prediction. It uses the selected active dataset Z and
the hyperparameters obtained with the SoD method to save computational time for
the hyperparameters’ optimisation, which for the SoD method is O(M?), instead of
O(NM?) for the FITC method.

2.5.3 Evolving GP Models

In this section, an approach to the online training of GP models is described. Such
an approach is needed when the dynamic system to be identified is represented as a
time-varying one or when the training data is not available for the whole region of
interest, and so not all the dynamics of the system can be trained at once. In these
cases, the model needs to be constantly adapted in accordance with the new operating
region and/or the changing dynamics. Such an approach can be used in environments
that are constantly changing. For this purpose, a method for the online adaptation
of GP models is proposed in [117], and the models obtained with this method are
named Evolving GP models.

Evolving systems [118] are self-developing systems inspired by the idea of system
model evolution in a dynamically changing and evolving environment. They differ
from other traditional adaptive systems known from control theory [119, 120] in
that they online adapt both the structure and parameter values of the model using the
incoming data [118].

The term evolving is used in the sense of the iterative adaptation of the structure
of the GP model and the hyperparameter values. This term was introduced in the
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1990s for neural networks [121], in 2001 for fuzzy rule-based systems [122] and in
2002 for neuro-fuzzy systems [123].

The GP models depend on the data and the covariance function. More precisely, the
data is defined with various regressor variables, in short regressors, and correspond-
ing observations grouped in the so-called basis vectors. The covariance function is
defined with the type and hyperparameter values.

Therefore, there are at least four parts that can evolve

the regressors,

the basis vectors,

the type of covariance function and
the hyperparameter values.

The ideas of the online adaptation of GP models can be found in literature imple-
mented mainly as online data selection, e.g. [111, 124], online data selection and
hyperparameters determination, e.g. [125], and active learning for control, e.g. [117,
126]. A method that does not select an active dataset for GP model identification,
but only iteratively corrects the identified model’s predictive mean and variance with
new data, is proposed in, e.g. [127, 128]. The criterion for the correction is based on
the prediction error.

As already stated in Sect. 2.5, the training of GP models for a large amount of data
is very time consuming. The condition under which the evolving GP model does not
‘decay in time’ with in-streaming data is the so-called persistent excitation condition,
which means that the in-streaming signal has enough information content. This can
be achieved so that only a subset of the most informative data, the so-called basis
vectors set, is used. With a type or a combination of various types of covariance
functions a prior knowledge of the system is included in the model. Nevertheless,
by optimising the hyperparameter values the model response evolves closer to the
response of the real system. However, in dynamic, nonlinear systems, where the non-
linear mapping between the input and output data cannot be easily formulated, the
squared exponential covariance function is frequently used, assuming the smooth-
ness and stationarity of the system. This means that the covariance function may be
kept fixed and does not need to evolve. Nevertheless, the structure-discovery algo-
rithm described in [129] can be used for the online covariance function selection.
Furthermore, the squared exponential covariance function can be used with ARD,
which is able to find the influential regressors [49]. With the optimisation of the
hyperparameter values, the noninfluential regressors have smaller values and, as a
consequence, they have a smaller influence on the result. Therefore, all the avail-
able regressors can be used and, as a result, only the set of basis vectors and the
hyperparameter values remain to be evolved.

The general concept of evolving GP models, presented in [117], with a fixed
covariance function and regression vector, contains the following steps:
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Algorithm: MODELEVOLVING(z*, y*)

comment: Add new input data z* to the informative dataset 7

1. T < ApD(Z,z%)
if LENGTH(Z) > maxLength
comment: Calculate the information gain for each data point in Z

2. iGains < INFORMATIONGAIN(Z)

then
comment: Remove worst data from 7

3. 7 < REMOVEWORST(Z, iGains)
comment: Calculate hyperparameter values 6

4. 6 < CALCHYPVAL(Z, 0)
comment: Update covariance matrix

5. K <« UPDATECOVMAT(Z, 0)

These basic steps are repeated for every incoming sample of data until there is no
more available data or until a requirement to stop the process is received.

To keep the subset of the most informative data small enough to process all the
steps before new data arrives, the maximum length of the subset should be set with
the parameter maxLength. This means that the parameter maxLength is a design
parameter.

Operations in the pseudocode can be implemented in various ways. There are
two critical operations: the calculation of the information gain and the calculation
of the hyperparameter values. Both of these operations can be implemented using
various well-known methods. For the information gain calculation, any data selection
criterion from online learning methods for GP models can be used, e.g. [103, 105],
etc. Also, for the hyperparameter value calculation any suitable optimisation method
or even some heuristic method can be used. Our implementation of the operations in
the concept is described below.

First, the basic elements and some operations will be described. The core of the
concept is a set of the most informative data. Actually, it is a subset of the data that
was already considered. It is denoted as 7 and defined as

ZcCD. (2.46)
To operate with the set Z two basic operations are needed: adding elements and
removing elements. Both operations are very straightforward. Adding the new ele-
ment ¢ to the set 7 is defined as

It ={Z, ¢}, (2.47)

where Z7 is a new, extended set of the most informative data. Removing the ith
element (; from the set Z is defined as
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I_:{€17‘~‘a€i—lv<i+17""CM}7 (248)

where M is the number of elements in the set Z.
The main operations of the algorithm are implemented as follows:

1. ADD(Z, z*): Adds new data to the set of the most informative data 7. It is imple-
mented in such a way that it adds new data z* to 7 only when the data contributes
new information to the current model. This improves the robustness of the algo-
rithm. The contribution of the data, according to the current model, is scored on
the prediction distribution for z*. If the absolute difference between the predic-
tion mean value p(z*) and the measured value y(z*) is greater than the pre-set
threshold, this means the current model cannot predict the prediction based on z*
accurately enough. Therefore, z* should be added to Z.

If the absolute difference |y(z*) — u(z*)| is small enough, the prediction variance
is also taken into consideration. If the prediction variance o%(z*) is smaller than the
pre-set threshold, it can be considered that the model is also confident enough in
its prediction; therefore, there is no need to include the new data. If the prediction
variance is high, the model is not confident in the prediction. This means that the
model does not have enough information in that region; therefore, z* should be
added to 7.

To summarise, z* is added only when the absolute difference between the predic-
tion mean value p(z*) and the measured value y(z*) or the prediction variance
o%(z*) is greater than the pre-set thresholds for the mean value and variance,
respectively.

Thresholds can be set heuristically and are, therefore, design parameters. If the
condition is fulfilled, z* is added to Z using Eq. (2.47). This operation as such might
not be necessary, but it avoids any unnecessary updates of Z, which improves the
computational efficiency of the algorithm.

Procedure 1: ADD(Z, z*, y(z*))

comment: Prediction of the GP model is calculated
if [y(z*) — p(z*)| > threshold, AND o%(z*) > threshold,.

b comment: Adding z* to 7 using Eq. (2.47)
then

T {7z}
return (7)

2. INFORMATIONGAIN(Z): Calculates the information gain for each element in 7.
Actually, it calculates the log-marginal likelihood for each subset Z~ of size M — 1,
where M is the number of elements in Z. It should be noted that this operation is
performed only when the subset Z has exceeded the pre-set size L. A higher log-
marginal likelihood means a higher information gain for the processed element
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in Z. As calculated for the subset without the data for which the information gain
is to be calculated, it should be inverted. Therefore, it is multiplied by —1, so that
a higher log-marginal likelihood means a lower information gain.

This principle is in its essence the Bayesian information criteria (BIC) [44]:

BIC = —2Inp(Z~|0) + (D + 2) In(M)
= —20(T7,0) + (D+2)In(M), (2.49)

where D + 2 is the number of hyperparameters to be estimated.
In the case of a time series, forgetting is also used. It is implemented as exponential
forgetting

0Z,0)=\N"°- 0T ,0) (2.50)

where \ € [0, 1] is the forgetting factor, i is the current sequence number, c is the
number of the sequence when the currently considered data was added to Z, s
the log-marginal likelihood considering the exponential forgetting and Z~ is the
subset of 7 of size M — 1. The forgetting can be easily turned off by setting A = 1.

Procedure 2: INFORMATIONGAIN(Z)

for i < 1 to LENGTH(Z)
comment: removing ith element from Z using Eq. (2.48)

Z_ <~ {Cla ey Ci*ls CH»I? ey CM}
comment: calculating information gain using Eq. (2.50)

iGains[i] < —€(Z, 6)
return (iGains)

do

3. REMOVEWORST(Z, iGains): Removes element with the worst
information gain from the set Z. It is performed simply using
Eq. (2.48).

Procedure 3: REMOVEWORST(Z, iGains)

ind < —1
min <— o0
for i < 1 to LENGTH(iGains)
if iGains[i] < min
do ind < i
then [min <~ iGainsli]
comment: removing indth element from Z using Eq. (2.48)

T < {Cts -+ Cind—15 Cind+1s - - - Cpr)
return (7)
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4. CALCHYPVAL(Z, 0): Hyperparameter values are calculated by maximising the
marginal log likelihood. This can be done with any suitable optimisation method
off-line or with iterative calculations online.

In the off-line case, the evolving method downgrades to the so-called online mod-
elling with a fixed set of input data, examples can be found in [7, 76].

5. UPDATECOVMAT(Z, 8): Updates the covariance matrix when Z or 6 have
changed.

Updates the covariance matrix and its inversion. If the hyperparameter values have
changed, both the covariance matrix K and its inversion K~! must be fully recal-
culated. However, in cases when only Z has changed, the covariance matrix and
its inversion can be updated more efficiently. The covariance matrix is updated by
appending k(z*) and kT (z*) as presented in Eq.(2.51) and removing the ith row
and column if the ith data was removed from Z, as shown in Eq. (2.52).

Kii - Kiul|k

Kt=| © " i, 2.51)
K1 - Ky Ky

ki - Ky | A

where K is the vector of covariances between the data in the active dataset Z and
the new data z™ and & is the autocovariance of z™.

Kii - Kyt [ K - Ky

Ki11 - Koo Kicyip1 - Kz
Kiti1 o Kipniot [ Kigniv - Kipim

(2.52)

L Kyt - Kot | Ky - Ky
As the Cholesky decomposition is used for the calculation of the covariance matrix
inversion, it can be updated in a similar way as updating the covariance matrix using
the rank-1 update and downdate operations [130]. First, the Cholesky decomposi-
tion is updated by k(z*) and later downdated by k(z;) if the ith data was removed
from Z, which is relatively efficient (O(M?)).

2.6 Validation

Validation concerns the level of agreement between the mathematical model and the
system under investigation [131] and it is many times underemphasised despite its
importance. The model validation in the context of identification is the phase follow-
ing the model selection, where the regressors, covariance function, mean function and
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hyperparameters are selected. Validation is eliminated in a full Bayesian approach
where these elements are not selected by optimisation but integrated out. Never-
theless, the GP model selection, which is based on evidence or marginal likelihood
maximisation, requires this phase too. In validation, we are concerned with evaluat-
ing the performance of the model based on datasets different from those used for the
modelling.

The data that is used for modelling is called identification data, also estimation
data, which are names common to identification literature. An identification dataset
can be, depending on the model used, split into the subset of data used for the
parameters’ estimation, and the subset of data for the structure identification as well
as the model order and regressors. The purpose of this division is to use the other
subset of data for monitoring the performance during the identification for model
structure reduction. The data for evaluating the performance, which is different from
that used for the identification, is called validation data.

This division of data subsets is referred to differently in machine-learning liter-
ature, though the purpose is the same. The data for parameter estimation is called
training data, the data for monitoring the performance is called validation data and
the data used for the validation of the obtained final model is called test data. It
has to be noted that this division can also be met in the literature describing system
identification, e.g. [10].

The concept of splitting empirical data into separate sets for identification and
validation is generally known as cross-validation. An analysis of importance to use
separate sets for validation also in the context of GP classification is done in [132],
but can be generalised also for regression.

The quality of the model that is in the focus of the validation can be represented
by several features. Their overview can be found in [131, 133]. The most important
are the model plausibility, model falseness and model purposiveness, explained as
follows.

Model plausibility expresses the model’s conformity with the prior process knowl-
edge by answering two questions: whether the model ‘looks logical’ and whether
the model ‘behaves logical’. The first question addresses the model structure, which
in the case of GP models means mainly the plausibility of the hyperparameters. The
second one is concerned with the responses at the model’s output to typical events
on the input, which can be validated with a visual inspection of the responses, as is
the case with other black-box models.

Model falseness reflects the agreement between the process and the model’s output
or the process input and the output of the inverse model. The comparison can be made
in two ways, both applicable to GP models: qualitatively, i.e. by visual inspection of
the differences in the responses between the model and the process, or quantitatively,
i.e. through the evaluation of the performance measures, some of them listed later in
the section.

Model purposiveness or usefulness tells us whether or not the model satisfies
its purpose, which means the model is validated when the problem that motivated
the modelling exercise can be solved using the obtained model. Here, again, the
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prediction variance can be used, e.g. when the prediction confidence is too low, the
model can be labelled as not purposive.

As already mentioned in Sect. 2.1, various purposes are served with two sorts of
models: for prediction, i.e. one-step-ahead prediction, and for simulation. Section 2.3
described different model structures in this context. Nevertheless, it is a very com-
mon practice to train the model for prediction and to call out its purpose during
the validation, where especially the dynamic system model is often validated for
simulation.

The cross-validation concept requires a relatively large amount of data. This is
provided by properly designed experiments, which are, commonly, repeated if the
amount of data does not correspond to the modelling needs. That is why the exper-
iment design and the experiments themselves are very important parts of system
identification.

However, for cases where the amount of empirical data is limited and new exper-
iments cannot be pursued, methods have been suggested that seek to maximise the
exploitation of the available data. A lot of research to solve this problem has been done
in machine learning. Here, we highlight only some more frequently used methods
for the more efficient use of the identification data.

One such method is k-fold cross-validation where the available empirical data is
partitioned into k data subsets. Each subset is then used in turn as a dataset for the
evaluation of the model trained on the other k¥ — 1 data subsets. The overall error rate
is taken as the average of these k data subset evaluations.

The extreme version of the k-fold cross-validation is when only a single obser-
vation, data piece, of the overall data is to be left out and used as an evaluation
example. The remaining data is used for training. The method is called leave-one-
out-validation (LOO). It is a method that can be used for small datasets.

While GP model validation in the context of one-step-ahead prediction is elab-
orated already in [49], where marginal likelihood is discussed in detail, cross-
validation, especially leave-one-out cross-validation (LOO-CV), is described. The
expression ‘validation’ in the listed terms is used here in the machine-learning sense
and not in the system identification sense, where the validation data is a separate and
fresh dataset.

We have mentioned that model falseness can be evaluated with different perfor-
mance measures. There exists an abundance of performance measures, each suited
for a different purpose with the emphasis on a different property and with different
expressiveness. Here we list only a few that serve our purposes.

A commonly used performance measure, especially when the model is identified
using a method that is based on a square error, is the mean-squared error (MSE):

1Y s
MSE = v ;(yi —EG))?, (2.53)
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where y; and y; are the system’s output measurement, i.e. observation and model’s
output in ith step, respectively. The model’s output can be, based on investigation, a
posterior probability distribution of a prediction or a simulation.

The measure that normalises the mean-squared error between the mean of the
model’s output and the measured output of the process by the variance of the output
values of the validation dataset is the standardised mean-squared error (SMSE):

SMSE = , (2.54)

1 >0 — EG))?
N o?

where y; and y; are the system’s output measurement, i.e. observation and the model’s
output in the ith step.

The mean relative square error (MRSE) is calculated by taking the square root of
the measure MSE divided by the average of output measurements:

S0~ EG)P

MRSE =
Z?il yi2

(2.55)

Some authors call this performance measure the relative-root-mean-square error
(RRMSE).

The performance measures described with Egs. (2.53)—(2.55) deal with the mean
values of outputs and do not take the entire output distribution into account.

The performance measures such as the log predictive density error (LPD)
[134, 135] can be used for evaluating GP models, taking into account not only
the mean of the model prediction, but also the entire distribution:

N (52
(i E(yz))) (2.56)

1 1 )
LPD = - In(27) + N Z (ln(ai) + -

i=1 i

where aiz is the model’s output variance in the ith step. The performance measure LPD
weights the output error E(3;) — y; more heavily when it is accompanied by a smaller
output variance aiz, thus penalising the overconfident model’s output values more than
the acknowledged bad model’s output values, indicated by a higher variance.

The mean standardised log loss (MSLL) [49] is obtained by subtracting the loss
of the model that predicts using a Gaussian with the mean E(y) and the variance 0}2,
of the measured data from the model LPD and taking the mean of the obtained result

1w o Gi—EG)?T 1 < 2 i — EW)?
MSLL = ﬁ;[ln(ai)'f‘ a—f} — ﬂ; ]l‘l(O'y)-i-Cr—g .

(2.57)

The MSLL is approximately zero for simple models and negative for better ones.
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The smaller the listed measures are, the better the model response is, irrespective
of whether it is a prediction or simulation.

The variance of the GP model predictions on a validation signal can be a plausi-
bility measure itself, as it indicates whether the model operates in the region where
the identification data were available. Nevertheless, it should be used carefully and
in combinations with other validation tools, as predictions with a small variance are
not necessarily good, as will be shown in the example at the end of this chapter.

To avoid the computational complexity of cross-validation, alternative methods
of evaluating validation errors have been developed. These include the use of various
information criteria methods, such as the final prediction error information criterion,
or Akaike’s information criterion [44], where the normalised log likelihood is used
as the prediction error criterion

AIC = —2In(p(D|61)) + 21, (2.58)

where n is a number of adjustable parameters in the model and 8y, is the maximum
likelihood solution for 0, or Akaike’s Bayesian information criterion [44] that uses
the marginal likelihood of the observed data D given the model:

BIC = —2In(p(D|Onap)) + nln N, (2.59)

where N is the number of data and Oyap is the value of 0 at the mode of the posterior
distribution. Statistical hypothesis tests can also be used for the model validation.
See [2] or [10] for more information on these validation strategies.

The quality of the obtained model can also be evaluated based on a residual
analysis. Residuals are the differences between the most likely model’s output values
and the measured output values of the system to be modelled. Residual analysis [2] is
evaluating statistics of residuals like correlation tests, whiteness tests and analyses of
average generalisation errors. It is often used with methods that are concern mainly
with the model’s posterior mean values.

The authors of [12] discuss methods for the validation of prediction models in the
context of neural networks with the residual analysis. They also provide a discussion
on the visualisation of predictions, which is also a useful method with the validation
of simulation models.

Criteria that are concerned mainly with the model’s posterior mean values do
not take account the entire posterior distributions as in a fully Bayesian approach
[44, 49], which is explained in Sects. 1.1 and 2.4.1.

Since a more than fair portion of dynamic system models is validated for simula-
tion purposes, the next section is devoted to the implementation of a model simulation
in the context of GP models.
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2.7 Dynamic Model Simulation

The simulation of dynamic system models can be used for the evaluation of the model
behaviour or for the model validation. Simulation is a multistep-ahead prediction
when the number of steps in the prediction horizon is infinite or at least as large as
the time horizon of interest for the foreseen analysis of the model’s behaviour.

There are two implementation options for the simulation or multistep-ahead pre-
diction:

e adirect method, where different models are learnt for every perceived horizon 4 or
e an iterative method, where the one-step-ahead prediction is iteratively repeated.

The problem of the direct method is that the horizon needs to be known and fixed in
advance. In the case that the horizon is changed, the model, or better models, has to be
learnt again. The second issue with the direct method is that highly nonlinear systems
need a large horizon and, consequently, a large amount of learning data [135]. An
example of using the direct method for multistep-ahead prediction is given in [66].

The iterative method for Gaussian process models of dynamic systems means
that the current output estimate depends on previous model estimations and on the
measured inputs.

k) = FGk — 1), 5k —2), ..., 9k —n), utk — 1), uk —2), ..., uk —m)),
(2.60)

where the regression vector is composed of the previous model estimations y and
measured input values u up to a given lag. The model is therefore treated as a model
with a NOE structure.

When only the mean values of the model predicted values are fed back, the sim-
ulation is named naive. However, when we want to obtain a more realistic picture
of the dynamic model multistep-ahead prediction, we have to take into account the
uncertainty of future predictions, which provide the ‘input data’ for estimating fur-
ther means and uncertainties. A partial overview of the results given in [136] is given
as follows.

In the case of a multistep-ahead prediction, we wish to make a prediction at z*, but
this time the input vector z* contains uncertain input values fed back from the outputs.
Within a Gaussian approximation, the input values can be described by the normal
distribution z* ~ N'(pt,«, £;+), where p,. and X« are the vector and the matrix of
the input mean values and variances, respectively. To obtain a prediction, we need
to integrate the predictive distribution p(y*|z*, D) over the input data distribution,
that is

PO |y, Tgr, D) = /p(y*|z*,D)p(z*)dz*, (2.61)

where

p(y*|z*, D) =

* *1)2
w} . (2.62)

1
/27T02(Z*) exp |:_ o? (z*)
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Since p(y*|z*, D) is in general a nonlinear function of z*, the new predictive distrib-
ution p(y*|(p,+, X+, D)) is not Gaussian and this integral cannot be solved without
using an approximation. In other words, when the Gaussian distribution is propa-
gated through a nonlinear model, it is not a Gaussian distribution at the output of the
model.

Approximations can be roughly divided into numerical methods, for example
Monte Carlo methods, and analytical methods.

2.7.1 Numerical Approximation

Eq.(2.61) can be solved by performing a numerical approximation of the integral,
using a simple Monte Carlo approach:

N

1 .
POty T, D)~ < > p(12", D) (2.63)
i=1

where S is a number of samples and z*/ is a sample from the input data distribution
p(z*). The output distribution is therefore not a Gaussian, but can be seen as a
Gaussian mixture:

1< A A
PO Mty T, D) & < D N (™), 0 (2. (2.64)

i=1

When applying this approximation in a simulation, it means that in every following
time step it can happen that we sample a more complicated Gaussian mixture, So
the algorithm has to be implemented efficiently. See [135] for hints on an efficient
numerical implementation for multistep-ahead prediction.

Other numerical approximations that have been used for the uncertainty prop-
agation, mainly in the context of state-space models, are sequential Monte Carlo
methods, e.g. [20, 26, 28].

2.7.2 Analytical Approximation of Statistical Moments
with a Taylor Expansion

In order to achieve computational simplicity, an analytical approximation that con-
sists of computing only the first two moments, namely, the mean and variance of
p(*|z*, D) can be used.

The mean and variance of the predictive distribution which in general is a non-
Gaussian predictive distribution, are approximated with a Gaussian approximation,
such that
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POy, Tr, D) = N (pF, 02). (2.65)

The predictive mean and variance at the model’s output corresponding to a noisy
input value z* are obtained by solving [136]

1 = E(u(py)), (2.66)
0™ = E(07 (1)) + var(u(p,.))
= E(0” (1) + E(* (1)) — (E(u(pa,)))’, (2.67)

where 11(pt,.) and 0% (p,.) denote the mean and variance of the Gaussian predictive
distribution in the case when there are no uncertain input values, respectively.

Instead of working with the expressions of z(u,.) and o%(u,.), Eqs. (2.66) and
(2.67) are solved by approximating directly ;* and o** using their first- and second-
order Taylor expansions, respectively, around p,.. The second-order expansion is
required in order to get a correction term for the new variance. This is a relatively
rough approximation.

Consequently, within a Gaussian approximation and a Taylor expansion p* and
o>* around z* = p,., the predictive distribution is again Gaussian with a mean and
variance [136]

1t = E(u(p,)) ~ K(p,) 'Ky, (2.68)
o™ = E(0* (1) + var(u(p,.))
1 8*o*(z")
~ o (py) + —tr| ———= o
g (Hz ) + ) r( Oz*0z*T —
' 5. 8#(2*)
— oz

ou(z*)
+ oz*

(2.69)

5=l

Equations (2.68) and (2.69) can be applied in a calculation of the multistep-ahead
prediction with the propagation of uncertainty. For a more detailed derivation, see
[136] and for further details see Appendix B.

2.7.3 Unscented Transformation

The unscented transformation also does not make assumption about the structural
nature of the model. It estimates the posterior distribution applying a given nonlinear
transformation to a probability distribution that is characterised only in terms of a
mean value and covariance.

The unscented transformation takes a finite number of ‘sigma points’ with the
same statistical moments as the input probability distribution, and then maps these
sigma points through the mean of the probabilistic dynamics model to obtain the
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transformed set of points. The mean and covariance are then set to that of the weighted
statistics of the transformed dataset to give an unbiased prediction.

More details of applying the unscented transformation and GP models in the
context of state-space models and Kalman filtering are in [27].

2.7.4 Analytical Approximation with Exact Matching
of Statistical Moments

The alternative approach to approximation is that instead of an approximation of the
entire mean and variance, only the integral of Eq.(2.61) is approximated. A simula-
tion with this kind of approximation is named exact. In every time step, the model
prediction is based on stochastic input data that has a normal distribution and the
prediction is a Gaussian mixture, which is approximated with a normal distribution,
as depicted in Fig.2.23 [51] for the case of one input variable for demonstration
purposes.

1.5 1.5
4
1 Ny & 1
- -~
l -
0.5 < 1 0.5
~
,”
0 N @ 0
-05 \ -05
-1 1
-1.5 15 ;
1 0 -15 -1 -0.5 0 0.5 1 1.5
p(f(2)) z
1.5 T T T
— 1
N
o
0.5
0 ;
-1.5 -1 -0.5 0 0.5 1 1.5

Fig. 2.23 GP prediction at a stochastic input variable. The input distribution p(z) is the figure
on the bottom right. The figure on the right shows the mean function (full line) and the 95 %
confidence interval (shaded) based on the training data points (points with zero confidence interval
in the figure). To determine the expected function value, we average over both the input distribution
(bottom right) and the function distribution (GP model). The shaded distribution represents the
exact distribution over the function values. The exact predictive distribution (dashed line in the left
figure) is approximated by a Gaussian (full line in the left figure) that possesses the mean and the
covariance of the exact predictive distribution (known as moment matching)
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The expressions for mean and variance are Eqs. (2.66) and (2.67):

W= E(u(py)),
0% = E(0” () + var(u(p,.))
= E(0” () + E(W (1)) — (E(u(ptyp ).

which can be derived further using

E(((z") = / C(z")p(z")dz* (2.70)

for each of the components in Egs. (2.66) and (2.67), with ((z*) denoting a particular
component of these equations.

p= / (e, )p(z*)dz”
= / k(z"K 'yp(z")dz", .71)
o = / (k(z*) — KT @)K 'k(z)p(z*)dz*
+ [ KGRy Kk (e
— (")’ (2.72)

The exact derivations for particular covariance functions can be found in [135]. The
final results for the case of single and multiple outputs for squared exponential and
linear covariance functions can be found in Appendix B.

Predictions for a sparse GP, namely, the FITC, also named SPGP, method in the
case of uncertain, i.e. stochastic, input values are introduced in [137] and for the SoR
and DTC methods, together with other predictions for stochastic methods in [138].

2.7.5 Propagation of Uncertainty

The iterative, multistep-ahead prediction is made by feeding back the mean of the
predictive distribution as well as the variance of the predictive distribution at each
time step, thus taking the uncertainty attached to each intermediate prediction into
account. In this way, each input variable for which we wish to predict becomes a
normally distributed random variable. Nevertheless, this is an approximation of the
Gaussian mixture at the output of the model. The illustration of such a dynamic
model simulation is given in Fig.2.24.
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Fig. 2.24 Block scheme of dynamic system simulation with the iterative method where variance
is propagated through the model

These results presume the iterative method, where a one-step-ahead prediction is
iteratively repeated. Note that when predicting ahead in time and propagating the
uncertainty, the exogenous inputs u are usually assumed to be known and are treated
like a deterministic approach. This is also the situation shown in Fig. 2.24. However,
the following explanation is general and presumes stochastic input variables.

As with [139], in the case of function observations only, we can predict / steps
ahead and propagate the uncertainty of the successive predictions by considering each
feedback datay(k + h — i) as a Gaussian random variable, resultinginanD x 1; D =
n + m input into the model z(k + h) = [y(k+h— 1), ..., y(k+h —n),utk + h —
D,...,utk+h—m)]T ~ N (u,, X,) at each time step with the mean

Tk +h=1)]

py(k +h —n)

Mo =1 e+ h— 1) @73

| ik + b —m) |
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and the covariance matrix

var(y(k + h — 1)) o cov(uk +h —m), y(k +h — 1))

z,= : : :
covyk +h— D, uk+h—m)) - var(u(k + h — m))

(2.74)

where the mean values and variances for each entry are computed using one of the
approximation methods described beforehand with the equations given in Appen-
dix B.

In general, at time sample k 4/, we have the random input vector z(k + /)
=k+1=1),....,9(k+1—=n),utk+h—1),...,uk+h—m]" ~N(u,, =,
with the vector of means p, formed by the mean of the predictive distribution
of the lagged output data and input data y(k +1—7), 7= 1,...,mutk+1—1),
7 =1, ..., mand the diagonal elements of the D x D; D = n + m input covariance
matrix X, containing the corresponding predictive covariances. The cross-covariance
terms cov(y(k +1 —1i),u(k +1—j)), for i,j =1, ..., D with i # j, are obtained
by computing cov(y(k + [), z(k + [)), disregarding the last, the oldest element of
z(k +1):

cov(y(k + 1), z(k + 1)) = EG(k + Dz(k + 1)) — E(v(k + D)E(z(k + 1)). (2.75)

Again, the equations for calculating the cross-covariances can be found in Appen-
dix B.

2.7.6 When to Use Uncertainty Propagation?

The uncertainty propagation seems to be an issue mainly with two applications of
GP models. The first one is the simulation of dynamic system and the second one is
the inference of state-vector distribution in GP state-space model.

In the case of GP state-space model of nonlinear systems, the uncertainty propaga-
tion is inevitable to get usable approximation of state-vector distribution. Therefore,
the rest of this discussion is devoted to uncertainty propagation in the case of the
dynamic system’s simulation.

A simulation is of major importance as the validation tool for systems identifica-
tion. However, as the uncertainty propagation extension to the GP modelling method
adds a considerable level of complexity, it is worth discussing when uncertainty
propagation is best employed.

The uncertainty propagation usually has an effect to the shape of the predictive
distribution. It mainly affects, usually increases, its variance, because the predic-
tive distribution becomes wider. Nevertheless, it also affects the mean value. The
examples presented in [134, 135, 140] show that the differences between the means
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of naive and non-naive cases are usually not huge. It is difficult to argue for the
inclusion of uncertainty propagation purely for the sake of improving the quality of
the mean prediction. Nevertheless, the computational load for uncertainty propaga-
tion is considerable when a model with a large input dataset is employed.

The trade-off between the computational load and the accuracy of the predictive
distribution is certainly of importance for an engineer using GP models for dynamic
systems identification. The GP modelling approach results in models with an output
estimate in the form of a predictive distribution. Through the variance of this output
distribution, the GP model becomes more informative. The question is, however,
whether we are interested in a precise quantitative value of the predicted variance or
we are more interested in qualitative information that the predicted variance carries.

This issue is closely related to the issue of purposiveness of the dynamic system
model. In the case that the accurate model multistep-ahead prediction means and
variances are of importance for the accuracy of the final product for which the model
is developed, then the computational load needs to be taken into account. In general,
implementing uncertainty propagation would increase the robustness of the model’s
response. This means that the increased variance, and improved mean value, obtained
with the uncertainty propagation might have a greater chance of enveloping the real
response. Such cases would be some cases of predictive control where the mismatch
between the model predictions and the real system response makes a difference in
the optimisation of future control input values.

On the other hand, when the dynamic system model’s predictive variances are
used to determine whether the system’s output values are predicted outside the region
where the identification dataset was available, the qualitative information about the
predicted variance’s magnitude already serves the purpose. Therefore, the concept of
taking into account the uncertainty of the input values and propagating uncertainty
for subsequent predictions would not seem to be sensible for applications where the
focus is on predicted mean values.

A possible rule of thumb for uncertainty propagation use with the dynamic sys-
tem’s simulation is that the use is decided upon the importance of the exactness of
the variance’s magnitude. If the variance is to be actively employed in some manner,
such as in the design of control systems, the uncertainty propagation may prove to
be an important addition. In general, for a lot of the dynamic system’s application
for engineering purposes, a naive simulation will do.

2.8 An Example of GP Model Identification

Example 2.3 (Bioreactor identification) The purpose of this example, adapted from
[141], is to demonstrate the GP model identification procedure with a special empha-
sis on the utility of the prediction variance and other GP model-specific measures
for the model validation. The example illustrates how the model is selected. The
selected model is then used to demonstrate the influence of increased noise variance
on the system’s output, the behaviour of the model prediction in unmodelled regions



88 2 System Identification with GP Models

and the behaviour of the model when a new, unmodelled input is introduced to the
system.

A second-order discrete bioreactor model [142, 143] is taken as the system to be
identified for demonstration purposes. With the selection of discrete model, the issue
of sampling time selection is avoided. In the bioreactor, the microorganisms grow
by consuming the substrate.

The bioreactor is given as discrete second-order dynamic system [142] with the
sampling time 7y = 0.5 s:

_ x(k)xp (k)
x1(k+1) = x1(k) + O.S)C1 © + 020 0.5u(k)x; (k)
x(k+ 1) = xp(k) — 0.5 51 0x0® 0.5u(k)x2 (k) + 0.05u(k)  (2.76)

x1 (k) + xp(k)
y(k) = x1(k) + v (k)

where x; is the concentration of the microorganisms and x; is the concentration of
the substrate. The control input u is the output flow rate, which is limited between
0 < u(k) < 1. The output of the system y is the concentration of microorganisms,
which is corrupted by white Gaussian noise v with a standard deviation o, = 0.0005.
Our task is to model this system with the GP model and validate the acquired model.
The purpose of the model is the simulation of the bioreactor.

In the experiment design, two separate identification and one validation input
signals are acquired, from which the identification and validation data are sampled.
Two separate identification signals are acquired so that one is used for the hyperpa-
rameter estimation and the other with structure, regressors and covariance function
selection. To acquire the first set of identification data, the system described with
Eq.(2.76) is excited with the signal u in the form of 4-seconds-long stairs with ran-
dom amplitude values between 0 < u(k) < 0.7. The second set of identification data
is obtained with the same kind of signal, but with stairs that last longer. Note that
the upper limit of both input signals is chosen so that a part of the operating region
remains unmodelled. Before the identification of the models, the signals are nor-
malised around a constant mean value, so that they had a maximum value of one and
a minimum value of minus one. From the normalised signals, 602 training points
are composed. Later, when the identification results are presented, the data will be
scaled into the original range and a constant value for the mean function is added.

The GP-NARX model structure is used for the model identification. The ith train-
ing point at the sample step k for the nth-order GP model is composed from the input
regressors:

z, =[ytk—1),...,y(k —n), utk =1, ..., utk —m)]"

and the output value y; = y(k), where u and y are normalised input and output signals.
The GP-NOE model structure is going to be used for validation due to the model’s

purpose.
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The squared exponential covariance function with the ARD property described
with Eq.(2.14) is selected as the initial covariance function that is used for the
regressor selection procedure. The ARD property of the selected covariance function
ensures that different length scales on different regressors can be used to assess the
relative importance of the contributions made by each regressor through a comparison
of their lengthscale hyperparameters.

2 1 Tp-I
Cr(zi, 2j) = o7 exp _E(zi —z) A" (zi—z)

D
1
= o/ exp |:_§ Z Wa(zai — Zdj)2:| ,

d=1

where w; = llz; d =1, ..., D. The reason behind the selection of the squared expo-

nential covariance function is that we do not know much about the mapping between
the input and the output data. Nevertheless, the prior knowledge about most phys-
ical systems, among which is the bioreactor, is that the mapping can be modelled
with stationary and smooth covariance functions. As we will see later the validation
results confirm this prior knowledge.

The regressor selection is done with validation-based regressor selection [144]
on the second set of data for identification, i.e. where a low-order model is expected
based on prior knowledge of the process. The fourth-, third- and second-order models
are evaluated with a simulation to obtain an appropriate set of regressors.

All three initial GP models with the same number of delays in the input and
output values used for regressors, i.e. n = m, are evaluated with a simulation, where
the second identification dataset as well as the validation dataset is obtained by
simulating the system described with Eq. (2.76) using a different input signal u than
for obtaining the first set of identification data.

The results of the regressor selection procedure can be seen in Table 2.3. The log
likelihood of the identified model £, described with Eq. (2.32) is used as the objective
function for optimisation during the identification and performance measures SMSE,
Eq.(2.54) and MSLL, Eq. (2.57), are used for the validation of the simulated model
on the second set of identification data and on the validation data. The model has
been tested with a naive simulation and with a simulation based on the Monte Carlo
numerical approximation. The same conclusions can be drawn from the results of
both methods, because the obtained numerical results do not differ significantly. The
figures presented in the continuation show the results of the naive simulation.

From the performance measures used on the identification results, shown in the
first three rows of Table 2.3, it can be seen that the differences between the identified
models in terms of the SMSE and MSLL values evaluating the model simulations on
the second set of data are slightly significant. The results on the second set of data
which have not been used for the hyperparameters estimation favour a simpler model.
The second-order model is also favoured by the principle of Occam’s razor [49],
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Table 2.4 Values of log-marginal likelihood ¢; for the prediction results on the first set of iden-
tification data and simulation performance measures for the second set of identification data for
different covariance functions with the best measure values in bold

2nd order model Ident. data

Covariance function | £; SMSE, MSLL,
Squared exponential + | 1603 7.8 x 1074 -3.57
ARD

Matérn + ARD d = 3 | 1591 7.2x 1074 —3.54
Rational quadratic + | 1603 4.1x1073 -3.31
ARD

Linear + ARD 1281 1.7 x 1072 —1.46
Matérn d = 3 1587 1.2 x107? —2.03
Matérn d = % 1597 1.7x 1073 —1.58
Neural network 1596 52 %1073 —1.00
Squared exponential | 1600 1.6 x 1073 —1.35

stating that the most simple explanation for the given problem should be used. The
results obtained on the validation data confirm these results.

The hyperparameters [, reflect the relative importance of the regressors z(k — i)
and in all the model structures the regressor y(k — 1) exhibits a lower importance due
to the large value of the associated hyperparameter /,, . The removal of this regressor
from the selected second-order model results in even better results. Note that the
variance of modelled noise is likely to be a small amount greater than the ground
truth. This effect is related to errors-in-variables problem.

This regressor selection procedure led us to the GP model with the following
regressors: y(k — 2), u(k — 1), u(k — 2).

Covariance function selection is illustrated with Table 2.4, where the same perfor-
mance measures as for the regressors’ selection are gathered for different covariance
functions with and without the ARD property for the second-order model.

The squared exponential covariance function and Matérn covariance function
with the ARD property have the best results from the tested covariance functions.
Consequently, the squared exponential covariance function with the ARD property
is kept for the model.

The model validation is pursued with the dynamic model simulation according to
the purpose of the model. The naive simulation is selected in our case, because no
special accuracy needs are expressed for the posterior variance in the model purpose
and the obtained accuracy for mean values is acceptable. In this way, we are avoiding
computational complexity due to the propagation of uncertainty through the model,
at the cost of only a slightly lower accuracy for this case.

The simulation results on the validation data for the selected second-order model
can be seen in Fig.2.25, where the model’s output and the noise-free target are
depicted. It can be seen that most of the time the value of the predicted standard
deviation ¢, is around 5 x 107*, corresponding to the noise level present at the
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Fig. 2.25 Validation with simulation for the bioreactor GP model, |e| is the absolute value of the
error between the predicted mean and the true values

system’s output. The prediction variance increases at the steps where the input vari-
able u changes its value due to the small number of training points describing those
regions. Note that the error of the model’s predicted mean values remains inside the
95 % confidence limits, defined within =20, indicating the level of trust that can be
put in the prediction.

These model validation results will serve as the reference for the observation of
how different conditions can influence the model prediction and validation.

First, it will be shown how the model prediction changes when the model reaches
the unmodelled region of the system. As there is no identification data available
nearby, the model must extrapolate from the data describing the neighbouring regions
and the prior mean function in order to make the predictions. This worsens the
prediction mean, but is also accompanied by an increase of the prediction variance,
thus widening the model’s confidence limits. This effect can be observed in Fig. 2.26,
where the values of the control input were increased above the u(k) > 0.7 at time
t > 12s.

Second, we would like to show how the increase in the system’s output noise
variance reflects in the identified model. For this purpose, the standard deviation of
the system’s output noise was increased to o, = 2 x 1073, The set of control input
signals, used for generating the identification and validation data, is the same as in
the reference example. The second-order GP model is identified. The values of the
GP model’s hyperparameters can be seen in Table2.3.
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Simulation result in non-modelled region
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Fig. 2.26 GP model prediction in the unmodelled region

The mean model prediction is satisfactory and the prediction variance is increased
at the expense of a higher output noise variance being predicted, as can be observed
from the simulation results on the validation data in Fig.2.27. The estimation of the
system’s output noise is satisfactorily close to the real value, i.e. o, = 2.1 x 1073,
which also shows that the value of the hyperparameter 0',2l tends to the value of the
system’s output noise when enough identification data is used. The value of SMSE
is slightly worse than in the reference example, as this model is identified with more
noise present in the identification, i.e. training, data. Also, the value of MSLL is
slightly worse as, despite the increased variance, the influence of the prediction error
prevails.

Finally, we would like to show how the unmodelled regressor influences the model.
For this purpose, an additional control input signal v, not correlated to the input signal
u, was added to the system. The effect of this unmeasured input variable is the same
as the effect of the control input signal # and could represent an additional outlet or
leak of the system described with Eq. (2.76), which changes the description to

a4+ 1) =00 + 05102 E o () — 050k ()
x1(k) + x2(k)
xalk+ 1) =000 — 0520 o 500 2.77)

x1(k) + x2(k)
— 0.5v(k)xy (k) + 0.05u(k) + 0.05v (k)
y(k) = x1(k) +v(k)
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Simulation result with more noise in identification signal, o, = 0.002
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Fig. 2.27 Influence of the increased system’s output noise variance on the GP model

The reference GP model is used for the simulation, where the input signal v is not
present and therefore neglected for the identification of the model. The control input
signal in the form of a step v = 0.05 is introduced into the system at the simulation
time 30s. The (non)influence of the unmodelled input signal on the prediction vari-
ance, when the model operates in the region with sufficient identification data, can
be seen in Fig.2.28. The model’s simulation response from time # = 30s worsens,
but the 95 % confidence interval remains tight. This example shows that the vari-
ance, obtained with the model simulation, cannot be informative with respect to the
unaccounted influences on the system in the identification data. Note that the results
are different if the model prediction is pursued instead of the model simulation.

With the bioreactor example, the following properties of the GP model have been
illustrated:

1. The hyperparameters’ ARD property can be effectively used to reduce the number
of regressors of the identified model.
2. There are two possible causes for the increase of the prediction variance:

e the particular region of the system, where the model makes predictions, is
described with insufficient identification data; and

e the data describing particular regions contains more noise. In the example,
this has been shown for the whole region, but the same applies when the noise
is increased only in part of the system’s operating region.
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0S1imulation result in the case of not modelled input v=0.05 for t >= 30s
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Fig. 2.28 Influence of the unmodelled input signal on the GP model prediction

These two causes cannot be easily distinguished without prior knowledge about
the identified system.

3. When the unmodelled influence is introduced to the system, the model simulation
response, including the variance, does not change.
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